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1 Introduction

The standard error function, erf(z), serves as a fundamental analytical tool for model-
ing random phenomena and dynamical systems. This function represents the cumulative
distribution function of the standard normal distribution up to a scaled linear transforma-
tion and finds widespread application in probability theory, statistics, signal processing,
communication engineering, statistical physics, and quantitative finance [1, 2]. In these
areas, erf(z) emerges as an indispensable component of mathematical analysis [2, 3]. How-
ever, because the function is defined by an integral that is analytically intractable and
lacks a closed-form expression in terms of elementary functions [4], its evaluation relies
on numerical methods or analytical approximations. Consequently, numerous approxima-
tions have been developed to facilitate its practical use [4, 5]. Over the past decades, a
diverse set of analytical approximations for erf(z) has been proposed, derived from tech-
niques such as Taylor series expansion, rational approximations, continued fractions, and
nonlinear composite models. Although many of these approximations achieve acceptable
accuracy on restricted domains, they frequently entail increased computational complex-
ity [4, 6], which can limit their applicability in practice. Therefore, a central challenge is to
find an optimal trade-off between accuracy and simplicity—namely, to design approxima-
tions that deliver high accuracy over the entire domain or within critical intervals while
preserving simple and computationally efficient closed forms. Alongside these classical
approaches, more recent strategies have emerged that re-tune approximation parameters
by harnessing intelligent global search methods. In recent years, metaheuristic optimiza-
tion algorithms have become powerful tools inspired by natural and biological processes,
capable of tackling complex optimization problems in nonlinear, high-dimensional spaces.
These algorithms are increasingly used to tune parameters of analytical models, particu-
larly in situations where analytical differentiation is difficult or infeasible [7, 8]. Among
such methods, the recently introduced Gaussian Combined Arms Algorithm (GCA)[9] is
adopted in this work as an efficient global-search strategy, benefiting from the strengths
of population-based optimization and robust exploration—exploitation mechanisms. The
application of metaheuristic algorithms to approximation tuning thus provides an effective
route to enhance the reliability and performance of existing analytical models. Building
on previous studies that compiled and assessed families of Gaussian-related approxima-
tions [4, 5], the present study proposes an integrated framework for improving analytical
approximations of the standard error function. In this work, the Gaussian Combined
Arms Algorithm is used to globally optimize the parameters of existing approximations
drawn from 16 model families—including rational, exponential, polynomial, and com-
posite forms—yielding high-accuracy formulas over the full domain without increasing
structural complexity. In particular, we introduce several accurate yet structurally sim-
ple closed-form approximations for erf(z) whose analytical inverses are also provided,
enabling fast and precise forward and inverse evaluations. This GCA-based framework
offers a generalization and extensible tool for optimizing analytical models with poten-
tial impact on advanced communication-system design, high-fidelity physical simulations,
and machine-learning algorithms that require rapid and accurate evaluation of probabilis-
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tic functions. The remainder of this paper is organized as follows. Section 2 presents
the theoretical background and a detailed literature review on analytical approximations
of the error function and related Gaussian functions. Section 3 describes the proposed
GCA-based optimization framework, including the parameterization of the selected ap-
proximations and the adopted error criteria. Section 4 reports the optimized parameter
sets and provides a comparative numerical analysis of the original and refined approxi-
mations in terms of Max-AE and MAE. Finally, Section 5 summarizes the main findings,
discusses their implications for practical applications, and outlines possible directions for
future research.

2 Theoretical Background and Literature Review

This section covers the fundamental concepts related to the standard error function
(erf(x)), metaheuristic algorithms—particularly the Gaussian Combined Arms Algorithm
(GCA) algorithm—and the accuracy evaluation metrics, including the Maximum Abso-
lute Error (Max-AE) and the Mean Absolute Error (MAE). These theoretical foundations

provide the context for understanding the research framework and the proposed approach.

2.1 Standard Error Function

The standard error function is a widely used function in applied mathematics, statistics,
and engineering, defined as follows:

erf(z) = % /Om e dt (1)

This function plays a key role in probability calculations, signal processing, Gaussian
Combined Arms Algorithm, and communication engineering [1, 2, 3]. The function erf(x)
has odd symmetry, i.e., erf(—x) = —erf(z) [3], and approaches the values +1 at infinity.
Since this function is defined by an analytically unsolvable integral, its computation is
only possible through numerical methods or analytical approximations [4, 5]. This has
made the development of accurate and efficient approximations for erf(x) a recurring topic
in the literature of applied mathematics.

The standard error function erf(x) is analytically related to several other special functions
that frequently appear in probability theory and statistical signal processing, including the
Gaussian Q-function, the cumulative distribution function (CDF) ®(z) of the standard
normal distribution, the complementary error function erfc(x), and Mills’ ratio m(x).
These functions are mathematically equivalent and can be transformed into one another
through exact analytical relations. Table 1 summarizes the 20 mutual relations among
these five functions, while Table 2 presents the corresponding relations between their
inverse forms.

Based on these analytical equivalences, the resulting set of 39 invertible approximations,
grouped into 16 structural types, is discussed in the following subsection.
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Table 1: Relationships between Q(z ) O(x), erf(x), erfe(z), and m(zx)

Q(x) D(x) erf(z) erfe(x) m(z)
Q(x) Q(x) 1—®(x) %(1 - erf(%)) 1 erfe %) m(z) = \% gz;;z
(x) 1—Q(x) (x) %(1 + crf(%)) 1 — Jerfe (%) 1—m(z/V2)\/5e
erf(z) | 1-2Q(zv?2) 20(2v/2) — 1 erf(x) 1 —erf(z) 1—m(zv2)/2 -’
erfe(x) 2Q(2v/2) 2(1 — ®(xv/2)) 1 —erf(x) erfe(x) elfc(ﬁ) \/gezz/z
m(z) | Q@)V2me™/? | (1 - ®(x))V2re™/? | Tew erf? (ﬁ) erfc( ) VEer? m(zv2),/F e

Table 2: The 12 mutual relations among the 4 inverse functions Q~*(y), ®~!(y), erf "' (y),
and erfc™' (y).

Q'(y) ¢'(y) erf ' (y) erfe”! (y)
“'(y) Q'(y) O '(1-y) | Jperf(1—2y) 5 erfe™ (2y)
y) | QM1 —y) ' (y) gerf ' (2y —1) | Jserfe™ (2(1 —y))
erf ! (y) \%Q_l(l%y) %@‘1(%) erf ! (y) erf (1 — )
erfc™ (y) \%Q_l(%) \/iﬁq)_l(l - erf (1 —y) erfc™ (y)

2.2 The Set of Approximations Under Study

To establish a consistent analytical framework, the approximations were organized into
sixteen structural types according to their mathematical composition and invertibility
characteristics. Subsequent examination of their algebraic patterns revealed six higher-
level categories that reflect the principal strategies employed in constructing analytical
approximations of the error function. This hierarchical classification not only facilitates
a clear understanding of the relationships among existing formulations but also provides
a structured foundation for parameter optimization and comparative analysis. The fol-
lowing subsections present these six categories, outlining their mathematical principles,
representative models, and analytical inverses, thereby supporting direct application in
statistical modeling, simulation, and computational frameworks requiring explicit invert-
ibility.

Class 1: Exponential-Based Approximations

This Class encompasses one of the most widely used approaches to error function approxi-
mation, relying on combinations of exponential terms to capture the rapid transition from
0 to 1 over the function’s domain. The mathematical foundation leverages the natural
decay properties of exponentials, which provide accurate modeling of both central and
tail behavior while maintaining computational efficiency.

Several subtypes illustrate the diversity of exponential-based formulations:

e Type 1 Approximations: These include classical two-term combinations that
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balance simplicity with sufficient accuracy for engineering applications. Chiani-1,
Wu-2, Powari, and Olabiyi-2 exemplify this approach with carefully chosen weight-
ing coefficients and exponents.

Type 2 Approximations: These involve modified single- or two-term exponential
forms with linear adjustments in the exponent, enabling precise control over the
function’s slope near the origin. Mastin-1, Mastin-2, Mastin-3, and Lin-1 follow
this methodology.

Type 3 Approximations: Ordaz and Hanandeh-2 belong to this subclass, employ-
ing strategically scaled exponentials to improve tail-region accuracy while retaining
a simple closed-form expression.

Type 4 Approximations: This subtype focuses on Chernoff-style single- or two-
term exponential expressions, including Chernoff, Chernoff-impr, Ermolova-1/2,
Gasull, Olabiyi-1, Wu-1, and Chang, optimized for minimal computational cost
and reliable high-accuracy performance.

The full set of parameterized forms and their corresponding inverses are summarized
in Table 3, which provides the practical reference for implementation in computational

routines.
Table 3: Summary of Exponential-Based Approximations (Class 1)
‘ Type ‘ Name (Source) ‘ Approximation erf(z) ‘ Functional Form ‘ Inverse erf(y) ‘
erfonianior [14] 1— (%67212 + %e—x,ﬂ)
: 5 —2z% —a? _ =
Type 1 | “fwez [19) - (3 +3e) 1-2 (ae’b(‘/ix)g ¥ Ce’2b<‘/§‘)z> 1J %m (%)
erfpoyari [16] 1 (%6—2# +%5,,,e> o) —
erfonaniyia [17] | 1—2 ([].15()85670'5255(\&':)2 + 0.21945(1-051(@')‘)
erfyasting [18] 1— e /5
§ —222-2,/1z :
Type 2 erfypastinz 18] l—e= i \G X —b+ /b — daln(l — y)
erfMasting [18] ] _ 074822 0777V2z NG
erfring [19] 1 _ 083202 -0717V22
9v22+8 )
fordns [20 1—2 (06031~ (25=) ‘ ) >
Topes | o B < - > 1 — 200 (2582)° 7 1n< . ) -4
g 7(9\/”27:1»8) 9\/5 1_ y
efiananden-2 [21] 1—2(0688182 "1
erfonemon [22] 1— 2"
erfohernoftimpr [22] [
erfgmolova2 (23] 1—-2 (0.3(;1 0112)
' / R o :
Type 4 | “owur [24) -2 (e t) 1 2qe-2" 2%,111 (12{, )
erforpiyin [17] 1-2 ([1,24()15(;"'232ﬁ) —
erfyt [15] 1-2 (ief%ﬁ)
erfBrmolova1 [23] 1-2 (042867['27‘512)
erfCnang [25] 1-2 (\/57%6—1.03012)
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Class 2: Radical-Exponential Approximations

This Class includes approximations defined by a characteristic square-root—exponential
composition that inherently preserves the boundedness and symmetry of the error func-
tion. The underlying structure exploits the mathematical connection between Gaussian
integrals and radical transformations, providing natural domain constraints while main-
taining smooth differentiability over the entire real line. The specific approximations for
each type are summarized in Table 4.

Three principal structural patterns can be identified according to the complexity of the
inner transformation:

e Polynomial Inner Function (Type 5): Incorporating linear or quadratic poly-
nomials within the exponential argument, this subgroup provides balanced accuracy
across the domain. The Hamaker approximation exemplifies this design, with poly-
nomial coefficients tuned to control both central behavior and asymptotic decay.

e Rational Inner Function (Type 6): Employing rational expressions inside the
exponential term, this formulation enhances tail control through improved asymp-
totic modeling. The Lin-2 approximation demonstrates how rational inner functions
can extend accuracy in extreme regions while preserving analytical simplicity.

e Linear Inner Function (Type 7): Representing the most streamlined variant,
these approximations use simple linear transformations to achieve maximum com-
putational efficiency. The classical Pdlya formulation and its modern adaptations
illustrate how minimal parameterization can still deliver satisfactory accuracy for
broad practical applications.

The radical-exponential framework ensures intrinsic numerical stability and automatic
range enforcement, making it particularly suitable for iterative or feedback-driven algo-
rithms where robustness is essential. The progression from linear to rational inner func-
tions clearly demonstrates the trade-off between parametric complexity and refinement of
approximation accuracy.

Table 4: Summary of Radical-Exponential Approximations (Class 2)

‘ Type ‘ Name (Source) ‘ Approximation erf(x) ‘ Functional Form ‘ Inverse erf *(y) ‘
‘ pes s [26] ‘ V1 — e P3BE-008(V2E | (/] — e~la(V2I (K2 %\/ “I(i = ) (1+by/~T(l - 7)) ‘
Type 6 erfrina [27] \/1 — @*[Wmm]l \/1 _ F—[%]Z iM
NN
erfperya [29] Viee i
erfpoirojua [30] VI e 12
e st [1 \/1 Vv V1 — ¢ 20? 1 In(1 —y?)
erfridous [31] \/1 e 2a ‘
erf Abderrahmane2  [32] (2016) 1 _ ¢ 12461235827
erfHanandens [33] V1 ae?
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Class 3: Logistic-Based Approximations

This Class exploits the intrinsic similarity between the error function and logistic-type
sigmoidal curves, both of which exhibit smooth S-shaped transitions, bounded asymp-
totes, and symmetry about the origin. The mathematical foundation draws upon the
close connection between cumulative distribution functions and logistic transformations,
enabling intuitive parameterization under natural range constraints.

Two main analytical approaches can be distinguished within this Class (see Table 5):

e Standard Logistic Forms (Type 8): These approximations employ the classical
logistic function with variable scaling parameters. The Tocher approximation repre-
sents the earliest formulation in this direction, forming the basis for later refinements
by Johnson, Bowling, and Hanandeh, each optimizing the steepness parameter for
different application contexts.

e Generalized Fractional Logistic Forms (Type 9): This extended formula-
tion introduces separate control over the numerator and denominator, creating a
three-parameter family that allows fine-tuned modulation of amplitude, shift, and
transition behavior. The Abderrahmane-3 approximation exemplifies this structure,
achieving improved geometric fidelity while preserving analytical simplicity.

Logistic-based approximations are particularly advantageous in scenarios requiring both
computational efficiency and closed-form invertibility, since their inverse functions involve
only elementary logarithmic operations. This property makes them well-suited for em-
bedded systems, real-time computations, and pedagogical applications where speed and
clarity are equally important. The transition from standard to fractional formulations
illustrates the continuous refinement of sigmoidal modeling for accurate and analytically
tractable error function approximation.

Table 5: Summary of Logistic-Based Approximations (Class 3)

‘ Type ‘ Name (Source) ‘ Approximation erf(x) ‘ Functional Form ‘ Inverse erf *(y) ‘
2
erfTocher [34} l—
14+ eVt
T 5 ) 2 1 1+y
. -z s . Y
yp erfHananden1 [21] 1 1+ el 7017V22 14 eav2e av/2 " 1—y
2
erfBowling—l [35} L— W
2
eI‘fJohnson—l [36] 1- T e
l+e v3
2 x 0.97186 2a 1 2a
Type 9 | erf apderrahmanc-3 [37] | —1 + —1+——— | ——=In < — b)
Abderrah: 3 [ ] 0.96628 + e—1.69075v/2z b+ e—cV2a cﬂ 1+y

Class 4: Power—Rational Approximations

This Class represents an advanced analytical approach to error function approximation,
combining power transformations with rational expressions to achieve flexible control over
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functional behavior. The mathematical foundation exploits the adaptability of power laws
together with the asymptotic precision of rational forms, allowing accurate tuning of both
central and tail regions.

Two principal methodological perspectives illustrate the power-rational paradigm (see
Table 6):

e Burr-Type Formulations (Type 10): Inspired by statistical distribution theory,
these approximations embed nested power transformations within rational frame-
works. The Burr approximation exemplifies this design through its four-parameter
system, enabling independent regulation of scaling, shaping, and tail decay via co-
ordinated parameter interactions.

e Power—Exponential Transformations (Type 11): These formulations general-
ize the classical exponential form by replacing the fixed quadratic exponent with a
tunable power parameter. The Hanandeh-3 and Zogheib-2 approximations demon-
strate how power-law modulation can yield a continuum of decay behaviors ranging
from sub-exponential to super-exponential characteristics.

Power—rational approximations are particularly effective in applications requiring domain-
specific control across multiple functional regions, such as extreme-value analysis and risk
modeling, where conventional methods may exhibit systematic bias. Their parametric
flexibility allows targeted optimization while preserving the analytical transparency es-
sential for statistical inference and computational implementation.

Table 6: Summary of Power-Rational Approximations (Class 4)

‘ Type ‘ Name (Source) ‘ Approximation erf(z) ‘ Functional Form ‘ Inverse erf ' (y) ‘

. o\ - 1/
Type 10 | erfpue (28] | 1—2[1+ (06447 +0.1620/32)"5) ™ | 1 2 [1 4 (a+ bv/Er)] | L ((%) —1) —a

erf Hanandeh-. 21 1— 671_2(\/@)1 275 l —
et s 12(22)13 1— e o(va’ 1 (71 In(1— y)>
erfzogneib-a [38)] 1 — e 12(V20) v

Class 5: Nested Exponential Approximations

This Class introduces a paradigm shift in error function approximation by employing
deeply nested exponential hierarchies, generating complex functional behavior through
iterative composition. The mathematical foundation leverages the rapid growth of ex-
ponential functions to construct sophisticated decay profiles while maintaining analytical
transparency through carefully structured nesting. The specific approximations for each
type are summarized in Table 7.

Two primary nesting strategies illustrate this Class:

e Power—Exponential Nesting (Type 12): This strategy employs a three-layer
hierarchy with power-transformed intermediate levels. The Soranzo-3 approxima-
tion utilizes bases 54 and 1.3671 in a carefully calibrated arrangement, where the
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outer layer establishes the primary decay scale and inner layers fine-tune transition
behavior and asymptotic characteristics.

e Constant—Base Nesting (Type 13): This approach uses fixed numerical bases

in a strategic composition that optimizes computational efficiency. The Soranzo-

4 approximation employs bases 22 and 41 with a scaling factor of 10, creating a
robust architecture that avoids parameter optimization overhead while delivering
high accuracy through numerical synergy.

Nested exponential approximations offer several distinct advantages: hierarchical error

distribution across layers, inherent numerical stability due to the well-conditioned expo-
nential operations, and preservation of closed-form invertibility despite functional com-

plexity. These properties make them particularly valuable for high-precision applications

in scientific computing, financial modeling, and engineering simulations, where conven-

tional approximations may produce unacceptable tail-region errors.

Table 7: Summary of Nested Exponential Approximations (Class 5)

‘ Type ‘Name (Source)‘ Approximation erf(z) ‘

Functional Form

Inverse erf *(y)

S _ .}
Type 12 erfsoranos [39] 1—9 (1 _ 2,5413671(«/5 >> 1_9 <1 _ 27”,’1(\5 )) 1 ml1— hl( In (1 5 )/ln 2)
V2In g Ina
(a (Ve In(—In(1-1%¥)/In2
Type 13 | erfsomumod [39] | 1—2 (1 _ gt ””’) 1-2 <1 gt ) ¢y fy om0 -5Y) /)
V2Iné In~y

Class 6: Advanced Composite Approximations

This Class encompasses the most sophisticated error function approximations, transcend-

ing conventional paradigms through innovative synthesis of diverse functional elements.

These hybrid architectures represent the forefront of analytical approximation methodol-
ogy, combining multiple mathematical concepts into structures with exceptional properties
unattainable by single-mechanism approaches. The specific approximations for each type
are summarized in Table 8.
The unifying characteristic of this Class lies in the strategic integration of heterogeneous
functional operations, where each approximation employs a distinct combination of affine
transformations, radical terms, logarithmic scaling, and exponential decay arranged in a
coherent analytical framework.
Three primary architectural philosophies illustrate this advanced Class:

e Additive—Radical Synthesis (Type 14): Combines affine transformations with
radical-exponential operations in an additive framework. The Abderrahmane-1 ap-
proximation demonstrates how this combination achieves complementary error can-
cellation, with each element dominating different regions of the function domain.

e Logarithmic—Exponential Cascading (Type 15): Implements a multi-stage

pipeline employing softplus activation, logarithmic transformation, power scaling,
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and Pareto-type tail shaping. The Lipoth approximation showcases how layered
functional composition creates smooth transitions between behavioral regimes while
maintaining full analytical tractability.

e Extreme Value Theoretic Framework (Type 16): Draws inspiration from ex-
treme value distribution theory, particularly the Gumbel distribution, using double-
exponential composition with external power modulation. The Kudu approximation
naturally embeds extreme value characteristics, making it suitable for tail modeling
and rare-event analysis.

Advanced composite approximations represent the culmination of error function approx-
imation theory, illustrating how strategic functional synthesis can overcome fundamental
trade-offs among accuracy, complexity, and analytical tractability. Their sophisticated
architectures make them especially valuable in quantitative finance, risk analysis, scien-
tific computing, and engineering simulations, where conventional approximations may fall
short.

Table 8: Summary of Advanced Composite Approximations (Class 6)

Type Name (Source) Approximation erf(z) Functional Form Inverse erf (y)
1 aty—1)\°
Type 14 | erfapdersatimanc-1 [37) 0.49807 — 0.49794v/T — ¢ 1252647 a—byI— et —5n (1 - (17/) )
C O

/ <<r> ) '
Type 15 erfripomn [4] 1-2 (1 = (1+0.00162 [ (1 4 ¢! 217= 320863 “592)77 MU‘) 1-2 (1 - (1 +afm(1+ r:’lﬁ”/’"‘)]t) d) % c—In|e -1

. Cogs 12.8 e v\
Type 16 erfrunde [40] 1-9 <1 _ (1 L u,gzo) > 1—9 (1 _ (1 _ C,eaﬁ'rfb) ) % (ln <_ In (1 _ <1 ; y) )) - b)
a

2.3 Metaheuristic Algorithms

In complex optimization problems, especially those with nonlinear objective functions,
classical optimization methods often face challenges such as getting trapped in local op-
tima, requiring differentiability, and slow convergence [10, 11]. Under these conditions,
metaheuristic algorithms emerge as effective and flexible solutions. Metaheuristic algo-
rithms are a class of intelligent search methods inspired by natural, biological, or collective
behaviors, aimed at finding near-optimal solutions in large and complex search spaces [13].
By combining random search and structured rules, these methods can effectively explore
the search space and escape local optima. Although there is no guarantee of reaching the
global optimum [12], these algorithms tend to find high-quality solutions within a lim-
ited number of iterations and demonstrate better performance compared to traditional
methods for complex problems. In this context, the Gaussian Combined Arms (GCA)
algorithm is a recently developed and effective metaheuristic for high-dimensional, nonlin-
ear, and complex optimization problems [9]. Proposed in 2025 by Etesami et al., GCA is
inspired by combined-arms military strategies and uses two coordinated groups of search
agents, mimicking ground and air forces, to jointly perform intensive local refinement
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and wide-range global exploration. By employing Gaussian-based update rules, the algo-
rithm adaptively balances exploration and exploitation, which makes it a powerful tool
for challenging engineering optimization tasks. The main steps of the GCA algorithm are
summarized below.

2.4 GCA Algorithm Steps

Step 1: Population Initialization

The GCA algorithm operates in a d-dimensional search space using two groups of agents:
ground forces (Gr) and air forces (Ar). To ensure sufficient diversity and exploration
capability, the total number of agents N is chosen such that N > 2d.

More precisely:

e The number of air-force agents is set to the problem dimension, i.e., |Ar| = d.

e The remaining n = N — d agents are assigned to the ground forces, i.e., |Gr| = n.

The initial population is represented by two matrices:

[ (1) (1) 1]
iy Ty - Tyg 1) 1)
L0 Tigryn - Tag)d
ap o | g
: : . L .
. (1) TNy T nxd
Tar Ty o Tad |

The initial positions are randomly generated within the predefined search bounds:
xy) = Ib; + rand x (ub; — b)),
where [b; and ub; are the lower and upper bounds of the j-th dimension, respectively, and
rand is a uniformly distributed random number in [0, 1].
Step 2: Objective Function Evaluation
At iteration t, the complete population matrix is given by
Gy

X t) _
t
A(F)

Nxd

where T' denotes the total number of iterations.
Each individual Xl-(t) represents a candidate solution, whose fitness is evaluated by the ob-
jective function f (Xi(t)). For a minimization problem, the global best position at iteration
t, denoted by Gge)st, is determined as
) _ : (t)
Gbest = arg 121§an(Xi )

The corresponding position guides the search process in subsequent iterations.
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Step 3: Position Update

The positions of both air and ground forces are updated using normal (Gaussian) distri-
butions, where X ~ AN (u, o) denotes a normal distribution with mean g and standard
deviation o.

Air Forces Update. For the i-th air-force agent and the j-th dimension, the position
at iteration t 4+ 1 is sampled as
1 1 1 . .
:IUSJr ) NJ\/'(/LS»Jr ),USJr )), i=1,....d, j=1,...,d,
with
M£;+1) _ )\1%(? +(1- Al)gj(»t), Ui(;—l-l) — )\ QZS) . gj(t) :
where 0 < A\ < 1and Ay > 0. The parameters A\; and Ay control the balance between local
exploitation around the current position and global exploration around the best-known
solution.

Ground Forces Update. For the i-th ground-force agent and the j-th dimension, the
position at iteration t + 1 is updated as

LD NN(/L(M) U(t+1>), i=d+1,...,N, j=1,...,d,

i i » Y1y

with
pi =wal) + (1 —w)g”, o

(t+1) ) _ 0]
7 J

i T W2l g5

where 0 < w; < 1 and we > 0. Here, w; shapes the convergence behavior of the ground
forces toward the global best, while wy regulates the spread of the search and thus the
degree of exploration.

3 Research Method

This research develops a systematic framework to enhance the accuracy of existing analyt-
ical approximations for the standard error function, erf(x), while preserving their original
mathematical structure. The proposed approach treats the numerical constants in each
approximation as optimizable parameters and formulates the refinement as a global op-
timization problem. By applying a Gaussian Combined Arms Algorithm, the method
identifies parameter values that minimize both the mean and maximum absolute errors,
ensuring reliable performance across critical regions of the function domain. The over-
all procedure is organized into four steps: selection of approximations, parameterization,
formulation as an optimization problem, and extraction of optimized parameters.
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Step 1: Selection and Parameterization of Approximations

Following the introduction of the approximations, their different structures, and corre-
sponding formulas in the previous section, for the initiation of the optimization process,
the Functional Formulas of each approximation type were selected and treated paramet-
rically. In this step, the numerical constants in the original formulas were converted into
variable parameters 61,0y, ...,60,, transforming each model into a parametric function
that allows the determination of optimal values without altering the overall structure of
the approximation. This approach preserves both the simplicity and clarity of the models
while providing the necessary flexibility to enhance the accuracy of the approximations.
The parametric formulas of each approximation are presented in the table below.

Table 9: Parameterized Analytical Approximations of erf(x)

Types of erf(z) Parametric Functional Forms Parameters
Type 1 e~ 4 gy 20207 01,05, 05
Type 2 %6_91’”2_9” 01,02

Type 3 ele—((9$+8)/14)2 91

Type 4 016*0”2 01,05

Type 5 % — %\/1 — e—(01z(1—022))2 )

Type 6 1= 1V1 — e~ @/Or40:2))? 01,0,

Type 7 -3Vl —e 02 6,

Type 8 Hel,glw 01

Type 9 1-— 92+Z—£931 01,05, 05
Type 10 (1+ (6 + Opx)%) =0 01,04,05,04
Type 11 %e_ale)z 01,0,

Type 12 126 ™ 0,6,

Type 13 | oo 6.6,

Type 14 0 — 05/1 — e—0322 0,06, 05
Type 15 1 — (14 0,(In(1 + e=2/05+0:))02) =0+ ¢, 9, 05.0,,05
Type 16 1—(1—e ") 01,05, 05

Step 2: Formulation of the Optimization Problem

The task of improving analytical approximations of the standard error function erf(x)
was formulated as a global optimization problem. The objective is to find the optimal
parameter vector

0 =0,,0s,....0,"
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that globally minimizes the error between the parameterized approximation erf,,prox(; 0)
and the exact function erf(x) over a specified domain D C R. The optimization problem
is defined using two primary accuracy criteria: Maximum Absolute Error (Max-AE) and
Mean Absolute Error (MAE), as follows:

min max lerf(z) — erfapprox(; 0)] (2)
LN
rxbin N Z; |erf(xz) - erfapprox(‘ri; 0)| ) (3)

where the first objective corresponds to Max-AE and the second to MAE. To ensure
balanced performance, a combined objective function was employed:

. 1 & . .
0; = arg min (— Z ‘CI)(ZJ') — (2 0)‘ + max ’@(Zj) — D,(25; 0)‘) : (4)
o \n J

where é, is the optimized parameter vector for the i-th approximation, ®(z;) is the exact
cumulative distribution function value at z;, and @i(zj; 0) is the parameterized approx-
imation. The first term corresponds to MAE and the second term to Max-AE. This
combination prevents excessive errors at critical points while preserving average accuracy.

Evaluation Metrics

For the quantitative evaluation of the performance of optimized approximations, standard
absolute error metrics are used. The two main metrics employed are the Maximum
Absolute Error (Max-AE) and the Mean Absolute Error (MAE), which are defined as
follows [6]:

Max-AE = max |lerfexact () — erfapprox ()] (5)
x€
| X
MAE = N ;1: |erfexact<xi> - erfapprox(xi)‘ ) (6)

where D is the desired domain for evaluation (for N=5001 points in the interval D =
0 to D = 5 with a step of 0.001) and erfexaet(z) and erf,pprox(x) denote the exact and
approximate values of the error function at point x, respectively. The Max-AE metric
represents the maximum deviation between the approximation and the true value and is
typically used to guarantee a global error upper bound, whereas the MAE evaluates the
mean absolute error over the entire domain and represents the overall performance of the
approximation [41, 42].
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4 Results

Following the optimization procedure described previously, the optimal parameter sets
were obtained for sixteen analytical approximations of the error function. Table 10 lists the
corresponding optimized coefficients, and Table 11 summarizes the numerical performance
of both the original and optimized forms in terms of Maximum Absolute Error (Max-AE)
and Mean Absolute Error (MAE). As observed in Table 11, the optimized approxima-
tions exhibit distinct performance improvements across the different function types. For
the majority of the models, both Max-AE and MAE values were notably reduced after
optimization, confirming enhanced numerical accuracy. The improvement is particularly
significant for several families such as Type 2 (Mastin-family), Type 4 (Chernoff-based),
Type 6 (Lin-2), Type 7 (Polya-family), and Type 10 (Burr), where optimization led to con-
siderable reductions in both maximum and mean absolute errors. In contrast, for certain
cases such as Type 9 (Abderrahmane-3), Type 11 (Hanandeh-3/Zogheib-2), and Type 13
(Soranzo-4), the optimization yielded only marginal or negligible improvements, indicat-
ing that the original formulations were already highly accurate. Similarly, for Type 14
and Type 15, the optimized results differ only slightly from the original, reflecting near-
optimal initial parameterization. Overall, the optimized functions preserve the analytical
simplicity of the original expressions while delivering improved accuracy profiles in most
cases, as reflected by the reduced Max-AE and MAE metrics presented in Table 11.

5 Conclusions and Future Directions

In this paper, we presented a systematic framework for improving analytical approxima-
tions of the standard error function erf(z) by globally optimizing their parameters using
the Gaussian Combined Arms Algorithm (GCA). Considering a broad set of existing
closed-form formulas from 16 model families, we treated their numerical coefficients as
decision variables and formulated a unified optimization problem combining the mean
absolute error (MAE) and the maximum absolute error (Max-AE) over selected domains.
This design allowed us to enhance both average and worst-case accuracy while preserving
the original analytical structure of each approximation. The numerical results show that
the GCA-based optimization yields substantial accuracy improvements for most fami-
lies, with MAE and Max-AE often reduced by up to an order of magnitude, without
increasing structural complexity or computational cost. Notably, several exponential and
rational-exponential types benefit from significantly tighter fits to the true error function,
whereas already highly accurate formulas exhibit only marginal gains, confirming their
near-optimality under the chosen criteria. A further contribution is the identification of
structurally simple, high-accuracy approximations for erf(z) whose analytical inverses are
also available, enabling efficient forward and inverse evaluations in practical applications.
The proposed approach is general and can be extended to other Gaussian-related and
special functions, as well as to multi-objective formulations that jointly balance accuracy
and computational efficiency. These findings highlight GCA-based global optimization as
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Table 10: Optimized parameters for the 16 approximations of erf(z)

Type of Q(z) Optimized Parameters

Type 1 01 = 0.1796414, 6, = 0.5963829, 03 = 0.2223313

Type 2 61 = 0.3818009, 0, = 0.7701928

Type 3 61 = 0.6878569

Type 4 01 = 0.3969323, 6, = 0.8547055

Type 5 61 = 0.3750000, O, = 0.7768232

Type 6 01 = 1.24228965, 6, = 0.02100437

Type 7 61 = 0.623077

Type 8 01 = 1.701698

Type 9 01 = 0.97185, 6, = 0.96628, 63 = 1.69074

Type 10 61 = 0.6538930, 0, = 0.1528689, 03 = 5.0718128, 0, = 6.3500000

Type 11 61 = 1.1900, 6, = 1.2755

Type 12 61 = 10.000000, 65 = 2.603895

Type 13 01 = 21.97274, 05 = 41.02409

Type 14 01 = 0.4979669, 0, = 0.4974308, 03 = 0.6226144

Type 15 01 = 0.00161983, 0, = 3.38628287, O3 = 3.26842910, 6, = 7.80450553,
05 = 0.82112000

Type 16 01 = 0.3865424, 6, = 1.0647756, 03 = 12.2569109

an effective and versatile tool for refining closed-form approximations in applied mathe-
matics, statistics, and engineering.

References

[1] Yang, Z.-H., Qian, W.-M., Chu, Y.-M., & Zhang, W., On approximating the error
function. Math. Inequal. Appl, 21(2), 469-479, 2018.

[2] Gautschi, W., Efficient computation of the complex error function. STAM Journal on
Numerical Analysis, 7(1), 187-198, 1970.

[3] Winitzki, S., A handy approximation for the error function and its inverse. A lecture
note obtained through private communication, 2008.

[4] Lipoth, J., Tereda, Y., Papalexiou, S. M., & Spiteri, R. J., A new very simply
explicitly invertible approximation for the standard normal cumulative distribution
function. AIMS Math, 7(7), 11635-11646, 2022.



166

M. Mohammadi/ JAC issue 57 issue 2, December 2025, PP. 150-169

Table 11: Performance metrics of original and optimized erf(x) approximations

‘ Type ‘Function

| erf, Max. AE

erf, MAE

| (erf,) Max. AE | (erf;) MAE |

erfChizmi— 1

1.089857 x 107!

3.39817 x 1072

f 1.089857 x 10! | 3.39817 x 1072
Type 1 | © V2 ) . 9.80274 x 102 | 7.2769 x 10~
erf powari 8.33333 x 1072 | 8.3793 x 1073
erfombiyi_g 1.297000 x 1071 8.3847 x 1073
erfyastin 1 2.22023 x 1072 | 8.2099 x 1073
erfyastin-2 7.0100 x 1073 | 2.9787 x 1073 . .
Type 2 9.391 x 10~ 4.418 x 10~
erfl\,hstin_g 9.419 x 10_4 4.530 x 10_4
erfring 6.5853 x 1073 1.3422 x 1073
erfordas 4.3991 x 1073 9.645 x 10~* ‘
Type 3 3.7647 x 1073 7.206 x 10~
erf Hanandeh-2 3.5302 x 103 7.218 x 10~*
erf Chernoft 5.785386 x 107" | 2.135758 x 107!
erf Chernoft-impr 1.512199 x 107! | 5.69191 x 1072
erf Ermolova 2 2.000000 x 107" | 2.49864 x 102
erf qasull 1.010577 x 107" | 1.54597 x 102 ) X
Type 4 1.030677 x 107! | 9.5939 x 10~
erfolabiic1 2.598500 x 107" | 2.99921 x 102
erfywat 2.500000 x 10~ | 3.03165 x 102
erf Brmolova-t 2.200000 x 1071 | 2.20397 x 1072
erf Chang 1.733898 x 10! | 6.34209 x 102
Type 5 | erfamaker 1.911988 x 10~' | 5.19135 x 1072 | 1.807550 x 10~' | 4.79819 x 102
Type 6 | erfrins 9.302 x 1074 1.983 x 104 5.119 x 10~* 1.480 x 10~*
erfpolya 3.1458 x 103 1.2641 x 1073
erfBoiroju-2 2.9355 x 1073 1.1491 x 1073
erf Aludaat 1.9732 x 1073 8.425 x 10~* .
Type 7 A 1.627 x 1073 8.325 x 1074
erfBidous 1.8079 x 1073 8.300 x 104
erfAbderrahmane-2 1.6256 x 10_3 8.326 x 10_4
eeranandeh—4 16270 X 10_3 8325 X 10_4
erfrocher [32] 1.76712 x 1072 | 8.5929 x 103
fianandent [33] | 9.4600 x 1073 | 5.5415 x 1073
Type g | THananden1 [33] 9.4601 x 10 | 5.5415 x 10~
erfBowling.1 [95] 9.4863 x 1073 | 5.5414 x 1073
erfjonnsont [96] | 2.26628 x 1072 | 7.3114 x 1073
Type 9 | erfapderrahmancs | 5.7393 x 1073 | 3.3280 x 103 5.7499 x 1073 | 3.3276 x 1073
Type 10 | erfguy 3.9724 x 1073 1.0246 x 1073 1.7505 x 103 3.367 x 1074
fiananden-s [33] | 9.1654 x 1073 | 3.8181 x 1073 A
Type 11 | THanandens [33] 0.514 x 103 | 3.7356 x 103
erfzoghein-2 [82] 1.12029 x 1072 | 3.5195 x 103
Type 12 | erfsoranzo-s [22] | 6.408835 x 10~ | 1.203785 x 107! | 5.183275 x 10" | 7.74961 x 102
Type 13 | erfsoranzos [22] 1.274 x 104 6.62 x 1075 1.249 x 10~* 6.42 x 1075
Type 14 | erf gpderrahmanct | 1.0300 x 1073 6.641 x 10~* 1.0923 x 1073 6.544 x 10~*
Type 15 | erfripowm [30] 2.72 x 1075 1.43 x 107° 2.43 x 1075 1.38 x 107°
Type 16 | erfxundn [99] 3.152 x 10~* 1.311 x 10~* 2.309 x 10~* 1.033 x 10~*




167

[5]

[13]

[14]

M. Mohammadi/ JAC issue 57 issue 2, December 2025, PP. 150-169

Soranzo, A., Vatta, F., Comisso, M., Buttazzoni, G., & Babich, F., Explicitly invert-
ible approximations of the Gaussian QQ-function: a survey. IEEE Open Journal of the
Communications Society, 4, 3051-3101, 2023.

Ananbeh, E. A., & Eidous, O. M., New simple bounds for standard normal distri-
bution function. Communications in Statistics-Simulation and Computation, 54(7),
2762-2769, 2025.

Shahani, N. M., Zheng, X., Wei, X., & Wei, Y., Predicting Elastic Modulus of Rocks
Using Metaheuristic-Optimized Ensemble Regression Models. Rock Mechanics and
Rock Engineering, 1-17, 2025.

Munmun, Z. S., Akter, S., & Parvez, C. R., Machine Learning-Based Classification
of Coronary Heart Disease: A Comparative Analysis of Logistic Regression, Random

Forest, and Support Vector Machine Models. Open Access Library Journal, 12(3),
1-12, 2025.

Etesami, R., Madadi, M., Keynia, F., & Arabpour, A., Gaussian combined arms
algorithm: a novel meta-heuristic approach for solving engineering problems. Evolu-
tionary Intelligence, 18(2), 1-36, 2025.

Etesami, R., Madadi, M., & Keynia, F., Adaptive fuzzy swarm-based search al-
gorithm (AFSSA) for complex engineering optimization. Iranian Journal of Fuzzy
Systems, 22(6), 125-145, 2025.

Etesami, R., & Madadi, M., Tighter bounds on the Gaussian Q-function based on
wild horse optimization algorithm. Journal of Algorithms & Computational Technol-
ogy, 19, 17483026251315392, 2025.

Etesami, R., Madadi, M., & Keynia, F., Principal component Gaussian optimization
for enhancing metaheuristic algorithms in high-dimensional problems. International
Journal of General Systems, 1-36, 2025.

Said Solaiman, O., Sihwail, R., Shehadeh, H., Hashim, I., & Alieyan, K., Hybrid
Newton—sperm swarm optimization algorithm for nonlinear systems. Mathematics,
11(6), 1473, 2023.

Chiani, M., Dardari, D., & Simon, M. K., New exponential bounds and approxima-
tions for the computation of error probability in fading channels. IEEE Transactions
on Wireless Communications, 2(4), 840-845, 2003.

Wu, M., Lin, X., & Kam, P.-Y., New exponential lower bounds on the Gaussian Q-
function via Jensen’s inequality. 2011 IEEE 73rd Vehicular Technology Conference
(VTC Spring), 1-5, 2011.



168

[16]

[24]

[25]

[20]

[28]

[29]

M. Mohammadi/ JAC issue 57 issue 2, December 2025, PP. 150-169

Powari, A., Sadhwani, D., Gupta, L., & Yadav, R. N., Novel Romberg approximation
of the Gaussian ) function and its application over versatile k—u shadowed fading
channel. Digital Signal Processing, 132, 103800, 2023.

Olabiyi, O., & Annamalai, A., Invertible exponential-type approximations for the
Gaussian probability integral Q(x) with applications. IEEE Wireless Communica-
tions Letters, 1(5), 544-547, 2012.

Mastin, A., & Jaillet, P., Log-quadratic bounds for the Gaussian Q-function. arXiv
preprint arXiv:1304.2488, 2013.

Lin, J.-T., Approximating the normal tail probability and its inverse for use on a
pocket calculator. Journal of the Royal Statistical Society: Series C (Applied Statis-
tics), 38(1), 69-70, 1989.

Ordaz, M., A simple approximation to the Gaussian distribution. Structural Safety,
9(4), 315-318, 1991.

Hanandeh, A., & Eidous, O. M., Some improvements for existing simple Approx-
imations of the Normal Distribution Function. Pakistan Journal of Statistics and
Operation Research, 555-559, 2022.

Proakis, J. G., & Salehi, M., Digital communications, Vol. 4, McGraw-Hill, 2001.

Ermolova, N., & Haggman, S.-G., Simplified bounds for the complementary error
function; application to the performance evaluation of signal-processing systems.
2004 12th European Signal Processing Conference, 1087-1090, 2004.

Gasull, A., & Utzet, F., Approximating mills ratio. Journal of Mathematical Analysis
and Applications, 420(2), 1832-1853, 2014.

Chang, S.-H., Cosman, P. C., & Milstein, L. B., Chernoff-type bounds for the Gaus-
sian error function. IEEE Transactions on Communications, 59(11), 2939-2944, 2011.

Hamaker, H. C., Approximating the cumulative normal distribution and its inverse.
Journal of the Royal Statistical Society: Series C (Applied Statistics), 27(1), 76-77,
1978.

Lin, J.-T., Alternatives to Hamaker’s approximations to the cumulative normal dis-
tribution and its inverse. Journal of the Royal Statistical Society Series D: The Statis-
tician, 37(4-5), 413-414, 1988.

Burr, I. W., A useful approximation to the normal distribution function, with appli-
cation to simulation. Technometrics, 9(4), 647-651, 1967.

Polya, G., Remarks on computing the probability integral in one and two dimen-

sions. Proceedings of the [First] Berkeley Symposium on Mathematical Statistics
and Probability, Vol. 1, 63-79, 1949.



169

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

M. Mohammadi/ JAC issue 57 issue 2, December 2025, PP. 150-169

Boiroju, N. K., & Rao, K. R., Simple approximations to Gaussian Q-function. Un-
published, Apr, 2015.

Eidous, O., & Al-Salman, S., One-term approximation for normal distribution func-
tion. Mathematics and Statistics, 4(1), 15-18, 2016.

Abderrahmane, M., & Kamel, B., Two new approximations to standard normal
distribution function. Journal of Applied & Computational Mathematics, 5(5), 2016.

Hanandeh, A., & Eidous, O., A new one-term approximation to the standard normal
distribution. Pakistan Journal of Statistics and Operation Research, 381-385, 2021.

Tocher, K. D., The Art of Simulation, 1964.

Bowling, S. R., Khasawneh, M. T., Kaewkuekool, S., & Cho, B. R., A logistic ap-
proximation to the cumulative normal distribution. Journal of Industrial Engineering
and Management, 2(1), 114-127, 2009.

Johnson, N. L., Kotz, S., & Balakrishnan, N., Continuous univariate distributions,

Vol. 2, John Wiley & Sons, 1995.

Abderrahmane, M., & Kamel, B., A new approximation to standard normal dis-
tribution function. Journal of Applied and Computational Mathematics, 6(2), 1-18,
2017.

Zogheib, B., & Hlynka, M., Approximations of the standard normal distribution.
University of Windsor, Department of Mathematics and Statistics, 2009.

Soranzo, A., Vatta, F., Comisso, M., Buttazzoni, G., & Babich, F., New very simply
explicitly invertible approximation of the Gaussian Q-function. 2019 International

Conference on Software, Telecommunications and Computer Networks (SoftCOM),
1-5, 2019.

Kundu, D., & Manglick, A., JMASM22: A Convenient Way Of Generating Normal
Random Variables Using Generalized Exponential Distribution. Journal of Modern
Applied Statistical Methods, 5(1), 22, 2006.

Willmott, C. J., & Matsuura, K., Advantages of the mean absolute error (MAE)
over the root mean square error (RMSE) in assessing average model performance.
Climate Research, 30(1), 79-82, 2005.

Hodson, T. O., Root mean square error (RMSE) or mean absolute error (MAE):
When to use them or not. Geoscientific Model Development Discussions, 2022, 1-10,
2022.



