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1 Introduction

Sampling from unnormalized probability distributions in high-dimensional combinatorial
spaces constitutes a fundamental challenge in computer science, statistical physics, and
Bayesian inference. This problem is particularly critical in applications such as de novo
drug design, material discovery, and causal structure learning, where the search space is
vast and the reward landscape is often multimodal and sparse.

For decades, Markov Chain Monte Carlo (MCMC) algorithms [1, 2], particularly the
Metropolis-Hastings algorithm, have served as the gold standard for these tasks. The
widespread adoption of MCMC stems from its implementation simplicity, strong theo-
retical guarantees of asymptotic convergence to the target distribution, and negligible
computational overhead per sampling step. Consequently, numerous operational systems
in scientific computing continue to rely on the robustness of MCMC. However, MCMC
methods fundamentally rely on local exploration. In energy landscapes where modes are
separated by vast regions of low probability (high energy barriers), MCMC chains often
suffer from ”slow mixing,” effectively becoming trapped in local optima for impractical
durations.

In recent years, a new paradigm known as Generative Flow Networks (GFlowNets) [3]
has emerged to address these limitations. Adopting an ”amortized inference” approach,
GFlowNets attempt to shift the computational burden of sampling from inference time
to training time. Unlike MCMC, which wanders through the state space stochastically, a
GFlowNet learns a constructive policy to generate diverse samples proportional to their
rewards. To stabilize the training of these deep generative models, various objectives
have been proposed, including Flow Matching (FM) [3], Trajectory Balance (TB) [4], and
Detailed Balance (DB) [5].

Existing literature often highlights the superiority of GFlowNets in complex tasks, sug-
gesting they universally overcome the mode-mixing issues of classical methods. However,
a critical and less scrutinized question remains: Is the architectural complexity and high
training cost of GFlowNets justifiable in all scenarios?

In this paper, we challenge the assumption of the universal superiority of deep generative
samplers. We hypothesize that the efficacy of GFlowNets is strictly conditional on the
geometry of the reward function. By conducting systematic, controlled experiments in
the standard HyperGrid environment [3], we investigate the sensitivity of both paradigms
to "Reward Peak Sharpness” (o) and dimensional complexity.

Our primary contribution is a rigorous sensitivity analysis demonstrating that:

1. In regimes with "needle-like” (Dirac) distributions or lower dimensions, classical
MCMC significantly outperforms GFlowNets in both speed and accuracy.

2. GFlowNets suffer from performance collapse in the absence of smooth gradient sig-
nals (sparse rewards), a limitation often overlooked in benchmarks optimized for
deep learning.

3. The advantage of GFlowNets (specifically with the Detailed Balance objective) is
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realized only when the state space is sufficiently large and the reward landscape
possesses enough smoothness to guide the learning agent.

We argue that blindly replacing MCMC with deep generative models is not always the
optimal strategy. Instead, the choice of sampler should be dictated by the topological
features of the energy landscape.

2 Preliminaries and Problem Formulation

2.1 Problem Statement: Sampling from Unnormalized Densi-
ties

Let S be a discrete compositional state space (e.g., a grid or a graph). We are given
a non-negative reward function R : & — R>(, which defines an unnormalized probabil-
ity distribution over the states. Our goal is to sample objects € S with probability
proportional to their reward:

P(z) = , where Z =) R(z) (1)

z’'eS

Here, Z is the partition function. In high-dimensional combinatorial spaces, computing
Z directly is intractable due to the exponential size of |S|. The challenge is to generate
independent and identically distributed (i.i.d.) samples from P(z) efficiently.

2.2 Markov Chain Monte Carlo (MICMC)

The standard approach for this task is Markov Chain Monte Carlo (MCMC). Specifically,
we utilize the Metropolis-Hastings algorithm [1, 2] to construct a reversible Markov chain.
At each time step ¢, given the current state x;, a candidate state z’ is proposed from a
distribution g(2’|x;). The candidate is accepted with probability «:

RW)Q(%|$')>
R(x)q(2|z)

In our grid environment, we employ a symmetric random walk proposal where ¢(z'|z) =
q(z|2"), simplifying the acceptance ratio to min(1, R(z’)/R(z;)). While MCMC guaran-
tees asymptotic convergence to the target distribution as ¢ — oo, it suffers from ”slow
mixing” in multimodal landscapes. When modes are separated by vast low-reward re-
gions (energy barriers), the acceptance probability for traversing these regions becomes
negligible, causing the chain to get trapped in local optima.

M@@q:mm<L 2)

2.3 Generative Flow Networks (GFlowNets)

Generative Flow Networks [3] frame the sampling problem as a sequential decision-making
process on a directed acyclic graph (DAG). An agent starts at a special source state sg
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and selects a sequence of actions to construct a terminal state € S. The objective is to
learn a forward policy Pr(s'|s) such that the marginal probability of generating = matches
the target distribution P(x) o< R(z). Unlike MCMC, GFlowNets also learn to estimate
the partition function Z. We compare three primary training objectives:
1. Flow Matching (FM): Based on the principle of flow conservation, FM ensures that
for any state s, the total incoming flow equals the total outgoing flow [3]:

2

Lru(s)=| Y F(s,s)= D F(s,8") — R(s)I(s € X) (3)

s'e€P(s) s"eC(s)

where P(s) and C(s) denote the parents and children of s, respectively.

2. Trajectory Balance (TB): Instead of local states, TB optimizes compatibility
over complete trajectories 7 = (s9 — --- — x). This objective typically yields faster
convergence and lower variance [4]:

2
Lorp(T) = (logZ + Zlog Pr(si11]st) — log R(x Zlog Pg( st|st+1)> (4)
t

Here, Pg is a backward policy that learns to navigate from terminal states back to the
source.

3. Detailed Balance (DB): This objective enforces a balance constraint locally on each
transition (edge) rather than the whole path or node accumulation [5]:

Lpp(s,s') = (log F(s) + log Pp(s'|s) — log F(s') — log Pp(s|s")) (5)

DB is particularly computationally efficient as it avoids the expensive summation over
parents required by FM.

2.4 The HyperGrid Environment

To benchmark the exploration capabilities of these algorithms, we employ the HyperGrid
environment [3]. The state space is a D-dimensional grid of side length H, defined as
S =10,..., H—1}". The reward function is designed to be highly multimodal, consisting
of a base reward Ry and Gaussian peaks located at the corners of the hypercube C:

s e () o

Two key parameters control the difficulty of the landscape:

e Ry (Base Reward): Controls the depth of the ”valleys” between modes. Lower
Ry makes mode-switching for MCMC exponentially harder.

e o (Peak Sharpness): Controls the width of the modes. Lower o results in "needle-
in-a-haystack” rewards, testing the gradient propagation capabilities of GFlowNets.
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3 Experimental Setup

To conduct a rigorous and comparative evaluation of the exploration capabilities of
GFlowNets versus MCMC, we designed a suite of systematic benchmarks within the
HyperGrid environment. This section details the environmental configurations, model
architectures, and the specific ”saturation” conditions under which the algorithms were
tested.

3.1 Environment Configuration and Complexity

We fixed the grid side length to H = 8 and varied the spatial dimensionality D € {2,4, 8}
to simulate the ”Curse of Dimensionality.” The complexity of the state space grows ex-
ponentially:

e Low-Dimensional (D = 2): |S| = 64 states. Trivial for any solver.
e Mid-Dimensional (D = 4): |S| = 4,096 states. A manageable search space.

e High-Dimensional (D = 8): |S| ~ 1.67 x 107 states with 256 distinct modes.
This regime presents a significant challenge for exploration algorithms.

To analyze the sensitivity to reward geometry, we systematically swept over two key
parameters:

1. Peak Width (o € [0.05,2.0]): Varying o allows us to transition from ”smooth”
landscapes (where gradient information is available) to "needle-in-a-haystack” land-
scapes (where rewards appear as Dirac deltas).

2. Valley Depth (R, € [0.001,0.1]): Varying the base reward tests the algorithms’
ability to traverse low-probability regions without getting trapped in local optima.

3.2 MCMC Configuration: The Saturation Hypothesis

A critical aspect of our experimental design is the initialization of the MCMC sampler.
We instantiated N = 2048 parallel Metropolis-Hastings chains, all initialized at the origin
(0,...,0). This setup challenges the chains to escape the initial mode and discover distant
high-reward regions.

Saturation Effect: We explicitly analyze the performance in the context of ”State Space
Saturation.” In lower dimensions (e.g., D = 4), the number of parallel chains is comparable
to the total size of the state space (2048 ~ 0.5 x |S|). Under these conditions, MCMC
effectively performs a brute-force exhaustive search rather than a stochastic sampling
process. This mimics the asymptotic behavior of MCMC where t — oo. However, in
D = 8, the saturation ratio drops to ~ 0.01%, revealing the true mixing limitations of
the algorithm.
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3.3 GFlowNet Architecture and Training

For all GFlowNet agents (trained with Flow Matching, Trajectory Balance, and Detailed
Balance), we employed a standardized Multi-Layer Perceptron (MLP) architecture to
ensure fair comparison:

e Architecture: Two hidden layers with 512 units each.

e Activation: LeakyReLU.

e Optimizer: Adam with a learning rate of n = 1073,

e Batch Size: 2048 (matching the number of MCMC chains).

The models were trained for 3,000 iterations. We utilized a uniform backward policy Pg
for TB and DB objectives, as implies by the grid structure.

3.4 Evaluation Metric

Our primary quantitative metric is the Number of Modes Found. Given the ground
truth locations of the modes (the hypercube corners), a mode c is considered ”found” if
the generative model produces at least one sample x within the immediate neighborhood
of ¢
' — <1 7
min |z —cfy < (7)
where Dy, is the batch of generated samples. We report the mean performance over 3
independent seeds.

4 Empirical Results and Analysis

4.1 Scalability and the MCMC Saturation Effect

We first examine the performance scaling with respect to dimensionality (D). As illus-
trated in Figure 1, in low-dimensional settings (D = 2 and D = 4), the MCMC baseline
achieves near-perfect coverage (100% modes found) almost instantaneously.

This phenomenon corroborates our ”Saturation Hypothesis” and can be explained through
the lens of Asymptotic Equivalence. In our setup for D = 4, the population of
N = 2048 chains covers ~ 50% of the state space (|S| = 4096). Running such a dense
population is mathematically equivalent to running a single chain for an infinite time
horizon (t — 00). According to the ergodic theorem, MCMC is theoretically guaranteed
to converge to the target distribution given sufficient time. By saturating the space,
we effectively provided MCMC with this ”infinite time” resource instantly, rendering its
success inevitable.

Crucially, this guarantee does not apply to GFlowNets. Even if given infinite time
or infinite agents, a gradient-based learner cannot converge if the learning signal is absent.
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Scalability: Curse of Dimensionality
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Figure 1: Scalability analysis across dimensions. In D = 2,4, MCMC saturates the state
space, achieving 100% coverage. In D = 8, the saturation effect vanishes, revealing the
true exploration limits of all methods.

However, as the dimension increases to D = 8 (16.7 million states), the saturation ratio
drops to ~ 0.01%. Here, the "infinite time” illusion vanishes, and MCMC’s performance
drops significantly (finding < 5% of modes). This confirms that MCMC’s dominance in
small benchmarks is often an artifact of finite-size effects rather than algorithmic superi-
ority.

4.2 Sensitivity to Reward Landscape Geometry

The most critical finding of this study is the sensitivity of amortized inference to the
"sharpness” of the reward function. Figure 2 and Table 1 present the results of the
o-sweep in the 8D HyperGrid.

We observe a clear **” Crossover Point”** around o ~ 1.0:

e Regime I: Wide Peaks (0 = 2.0): The reward signal is smooth and globally
informative. Here, GFlowNet (specifically with the Detailed Balance objective)
demonstrates its strength, discovering 38 modes compared to MCMC’s 8. The
generative policy successfully generalizes across the high-dimensional space.

e Regime II: Sharp Peaks (0 < 0.5): As the peaks approach Dirac deltas, the
gradient signal becomes extremely sparse. GFlowNet performance collapses to
near-zero (finding only 1-2 modes). In stark contrast, MCMC exhibits superior
robustness, maintaining a discovery rate of 11-16 modes.
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Effect of Reward Peak Sharpness (o)
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Figure 2: Sensitivity to Reward Peak Sharpness (o). As peaks become sharper (o — 0.1),
GFlowNet performance collapses due to vanishing gradients, while MCMC maintains a
robust baseline.

Table 1: Modes found in 8D HyperGrid under varying Peak Width (o). Total Modes =
256. Data indicates a crossover in performance as sparsity increases.

Method 0=20 (Wide) 0=10 o0=0.5 o¢=0.1(Sharp)
GFN - Flow Matching 2 1 2 1
GFN - Trajectory Balance 18 4 8 3
GFEN - Detailed Balance 38 2 2 2
MCMC (Metropolis) 8 16 15 11

This result challenges the prevailing narrative that GFlowNets are universally better
for multimodal distributions. In ”needle-in-a-haystack” scenarios, the random walk of
MCMC—being blind to gradients—is paradoxically more effective than a gradient-dependent
learner that suffers from signal vanishing.

4.3 Computational Efficiency and Objective Comparison

Analyzing the training dynamics (Figure 3) and computational costs reveals a significant
trade-off. According to our data, GFlowNet training required approximately 1500 seconds
on average, whereas MCMC completed its sampling in under 3 seconds.

While GFlowNet-DB found 4.75x more modes than MCMC in the wide-peak regime (o =
2.0), this came at a ~ 500X increase in computational cost. Regarding the objectives,
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Learning Dynamics (Dim=4, Ry=0.01)
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Figure 3: Learning dynamics of GFlowNet objectives. Detailed Balance (DB) shows faster
and more stable convergence compared to Trajectory Balance (TB) and Flow Matching

Detailed Balance (DB) consistently outperformed Trajectory Balance (TB) and Flow
Matching (FM). FM failed to converge in most high-dimensional experiments, suggesting
that the variance of the flow consistency loss is too high for sparse discrete graphs.

5 Conclusions and Future Directions

In this study, we rigorously investigated the performance boundaries of emerging GFlowNet
models compared to the classical MCMC baseline in discrete combinatorial environments.
Contrary to the growing narrative of deep generative supremacy, our findings demonstrate
that the superiority of GFlowNet is strictly conditional on the reward landscape geometry
and the dimensionality of the problem.

Our key conclusions are threefold:

1. The Myth of Universal Superiority: We demonstrated that in lower dimensions
or when the agent-to-state ratio is high (saturation regime), MCMC is theoretically
and practically superior. Its guarantee of asymptotic convergence makes it the
most cost-effective solution for small to medium-scale problems, rendering the high
training cost of deep models unjustifiable in these settings.

2. Gradient Dependency: GFlowNets are heavily reliant on the existence of a con-
tinuous learning signal. Our sensitivity analysis revealed that as reward peaks be-
come sharper (o < 0.5), the performance of GFlowNets collapses due to vanishing
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gradients in the sparse state space. In these "needle-in-a-haystack” scenarios, the
gradient-free local search of MCMC proves to be significantly more robust.

3. The High-Dimensional Advantage: GFlowNets, particularly with the Detailed
Balance (DB) objective, justify their computational cost only in high-dimensional
spaces (D = 8) characterized by smooth reward structures. In such regimes, they
successfully bridge the energy barriers that trap MCMC chains, discovering 4.75 %
more modes than the baseline.

Future Directions: Based on these insights, we argue that GFlowNets should not be
viewed as a blanket replacement for MCMC. Instead, future research should focus on
Hybrid Architectures. Promising directions include:

e Combining the global exploration capability of GFlowNets to identify high-probability
regions with the local precision of MCMC for fine-tuning samples.

e Integrating Tempering techniques into GFlowNet training to artificially smooth
sharp reward landscapes during the early stages of learning, thereby mitigating
the vanishing gradient problem observed in our sparse experiments.
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