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ABSTRACT

ARTICLE INFO

In this paper we introduce a new graph labeling method
called k-Total prime cordial. Let G be a (p,q) graph.
Let f : V(G) — {1,2,...,k} be a map where k €
N and £ > 1. For each edge uwv, assign the label
ged(f(u), f(v)). f is called k-Total prime cordial label-
ing of G if |t;(i) —ts(5)] < 1,4, € {1,2,...,k} where
tr(x) denotes the total number of vertices and the edges
labeled with x. We investigate k-total prime cordial la-
beling of some graphs and study the 4-total prime cor-
dial labeling of path, cycle, complete graph etc.
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1 Introduction

Graphs in this paper are finite, simple and undirected. The join of two graphs G and G is
the graph G1+G2 with V(Gl +G2) = V(Gl)UV(Gg), E<G1+G2) = E(Gl)UE<G2)U{U,’U .
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u € V(G1),v € V(G3)} Cahit [1] notion of cordial labeling of graphs and A-cordial labeling
was introduced in [4]. Ponraj [5] was introduced the concept of k-total product cordial
graph and studied certain graphs for this labeling. Motivated by this, we introduced
k-total prime cordial labeling of graphs. Also we investigate some general results on k-
total prime cordial graphs and investigate 4-total prime cordial labeling of some standard
graphs like path, cycle, star, bistar, complete graph, Ky + mK;.

2 k-Total prime cordial labeling

Definition 2.1. Let G be a (p,q) graph. Let f : V(G) — {1,2,...,k} be a function
where £ € N and k > 1. For each edge uv, assign the label ged(f(u), f(v)). f is called
k-Total prime cordial labeling of G if |t;(i) — tf(j)| < 1, ¢,5 € {1,2,...,k} where t¢(x)
denotes the total number of vertices and the edges labelled with z.

Remark. 2- total prime cordial graph is 2-total product cordial graph.

Theorem 2.1. Every graph is a subgraph of a connected k-total prime cordial graph.

Proof. Let G be a given (p,q) graph. Take k copies of the graph G and let G; de-
note the i copy of kg. Let uj,ub,... ul be the vertices of the i" copy. Let m =

{ %, if kisodd
k=2

: \ . Take (k — 1) copies of the starK; ,,. Let v} be the center of the
== if ks even ’ ¢

2
i'" copy of the star. We construct the graph G from ke by joining the vertices uf and
u'™ (1 <i < k—1) and pasting the central vertex v with u} (2 <i <k —1). Clearly G
is a subgraph of G. We now give a k-total prime cordial labeling of G. Assign the label
i to all the vertices of G; (1 < i < k) and assign the label i to all the pendant vertices
whose support received the label i. It is easy to verify that, t¢(1) = p+ (’2’) +k—1and

. . p+ () +k—1 if kisodd
fori =23,k t;(i) = { p+ ((1272))+k—2, if ks even
cordial labeling. [

. Hence G is a k-total prime

Theorem 2.2. If m =0 (mod k), then mG is k-total prime cordial.

Proof. Let m = kt, t € N and G be a (p, ¢) graph. Assign the label 1 to all the vertices of
first /¢’ copies of G. Next assign the label to all the vertices of t 4+ 1,t 4 2, ..., 2t copies
of G. We now assign 3 to all the vertices of (2t + 1) ... (3t)™" copies of G. Proceeding
like this assign the label to the consecutive copies. That is in this process, the vertices
of ((i — )t + 1), ((i — 1)t +2)t, ..., (it)™ copies receive the label 3. It is easy to verify
that tf(l) :tf<2>::tf<k) =t. ]

Theorem 2.3. If G is a (p, q) graph, then mG U (k — r) K 54, is k-total prime cordial,
where m =kt +r, 0 <r < k.

Proof. Assign the label to the vertices of (kt)G as in Theorem 2.2. We now move to the
components (k — r)K; 1, Consider the first star assign the label r + 1 to the central
vertex of the star and all the pendent vertices of the star. Next assign r + 2 to all
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the vertices of the second star. Continue in this pattern until we reach the last star.
Note that in this process, the vertices of the ¥ star receive the label r + i. Obviously
tr(1) =t4(2) = =ts(r) = pF+qand t;(r+1) = ty(r+2) = --- =tg(k) = p+q+1. O

Theorem 2.4. Let G and G5 be (p1, ¢1) and (p2, g2)-graph respectively with (p;+¢1) =0
(mod k) and (p2 + ¢2) =0 (mod k). If G; and G5 are k-total prime cordial graph, then
the graph GG; ~ G4 obtained from G; and G5 by connecting an edge is also a k-total prime
cordial.

Proof. Let f and g respectively be the k-total prime cordial labeling of G; and G5. Let
u € V(Gy) and v € V(Gy) and Gy ~ G is obtained from G, and G9 by connects an edge

wv. Define h: V(Gy ~ Gg) — {1,2,...,k}. h(u) = { flu), if uweV(Gy)

g(u), if veV(Gy) -~
Case 1. f(u) = f(v) =r,re{1,2,... k}.
In this case t4(1) = t4(2) = -+ = t,(r — 1) = ty(r + 1) = ... = t)(k) = BEREOER 4pd
th(r) = piptate
Case 2. f(u) =s, f(v) =1.
Subcase 1. ged(s,r) = 1.

Then t,(1) = p—ﬁpﬁqﬁ” + 1 and ¢,(2) =t,(3) = ... = ty(k) = p—lﬂ’gqu*qg.

Subcase 2. ged(s,r) =m, m > 1.

In this case, t,(1) =t,(2) = ... =tp(m — 1) = tpa(m + 1) = ... = t;,(k) = BFREOER 4pd
th(m) = % + 1. Hence h is k-total prime cordial labeling of G ~ Gbs. O

We now investigate the 4-total prime cordial labeling of some standard graphs.
Theorem 2.5. Let G be a (p, q)-k-total prime cordial graph with (p + ¢) =0 (mod k).
Then G — e is also a k-total prime cordial graph.

Proof. Let e = uv and f be a k-total prime cordial labeling of G.

Case 1. f(u) = f(v) =r.

Then t4,(1) =t,(2) = -+~ =tu(r—1) =tp(r+1) = ... = t(k) = B2 and #,(r) = B¢ — 1.
Case 2. f(u)=s, f(v) =r.

Subcase 1. ged(s,r) = 1.

Then th(l) = I% — 1 and th(2) = th(S) = ... = th(k) = }%

Subcase 2. ged(s,r) =m, m > 1.

In this case, t,(1) = t4(2) = -+ = ty(m — 1) = ty(m+ 1) = ... = t,(k) = £ and
tn(m) = X% — 1. Hence h is k-total prime cordial labeling of G — e. O

Theorem 2.6. If G is a (p, q)-k-total prime cordial graph with (p+¢) =0 (mod k), then
G U K, is also k-total prime cordial.

Proof. Let V(K3) = x,y. Let f be a k-total prime cordial of G. Define h: V(G) U Ky —
{1,2,...,k} by h(u) = f(u), uw € V;. h(z) =r, h(y) = r+1 which implies ¢;(1) = ZX9+1.
th(2) =t,(3) = ... =tp(r = 1) = t(r +2) = -+ = t,(k) = 2. Clearly h is a k-total
prime cordial of G U K. O

Theorem 2.7. All paths are 4-total prime cordial.
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Proof. Let P, be the path ujus ... u,.

Case 1. n =0 (mod 4).

Let n =4t, t > 1. Assign the label 4 to all the path vertices uy, us, ..., u; and assign the
label 2 to the path vertices u; i1, Ui, ..., u. Next assign the label 3 to the path vertices
Uogi1, Ugpao, - - - , Uz and u,. Finally assign the label 1 to the remaining non-labeled vertices
of the path. Here t;(1) =t,(2) =t;(3) =2t and t;(4) = 2t — 1.

Case 2. n =1 (mod 4).

Let n = 4t+1, ¢t > 1. In this case assign the label to the path vertices u; (1 <7 <n—1) as
in case 1 and assign 4 to the vertex u,,. Here t;(1) =¢;(2) = t;(3) = 2t and t;(4) = 2t — 1.
Case 3. n =2 (mod 4).

Let n = 4t+2,t > 1. In this case assign the label 4 to the path vertices uy, us, ..., us, ursq
and 2 to the vertices wy o, Usis, -+ ,ugr1. Next assign the label 3 to the path vertices
Uggiro, Ugprs, - - - , Ugpr1 and assign the labels 3 and 2 to the vertices u,_; and u,, respectively.

Finally assign the label 1 to the remaining non-labelled vertices. It is easy to verify that
tf(l) = tf(2> = tf(4) =2t+1 and tf(?)) = 2t.

Case 4. n =3 (mod 4).

Let n =4t + 3, t > 1. In this case assign the label to the path vertices u; (1 <i<mn—1)
as in case 3, assign the label to the vertices wq,us,--- ,u,_1. Next assign the label 3 to
the pendent vertex u,. Here t;(1) =2t 4+ 2 and ¢,(2) = ¢;(3) = 2t + 1.

Case 5. n=4,5,6, 7.

A 4-total prime cordial labeling of P,, n =4, 5, 6, 7 is given in Table 1.

N | Uy | U2 | U3 | Ug | Us | Ug | U7

4141234

5141131121413

6|43 42|43

T4 114121433
Table 1:

Theorem 2.8. The cycle C,, is 4-total prime cordial iff n ¢ {4, 6, 8}.

Proof. Let C,, be the path uyus ... u,u;.

Case 1. n =0 (mod 4).

Assign the label to the vertices uq,us, ..., U, _2,u, as in case 1 of Theorem 2.7. Next
assign the label 4 to the vertex u,,_;.

Case 2. n=1 (mod 4).

Clearly the vertex labeling in case 2 of Theorem 2.7 is also a 4-total prime cordial labeling
of this case.

Case 3. n =2 (mod 4).

As in case 3 of Theorem 2.7 the label to the vertices u; (1 < i < n —4) and assign the
labels 3, 1, 2, 3 to the vertices u,_3, u,_o, Up_1, U, respectively.
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Case 4. n =3 (mod 4).

Assign the label to the vertices wuy, us, ..., Uy_3,U,_o as in case 3 of theorem 2.7. Next
assign the labels 3 and 2 respectively to the vertices u,,_; and u,,. A 4-total prime cordial
labeling of C3, C5 and C; a given below.

Case 5. n =4.

Suppose f is a 4-total prime cordial labeling of C5. Then t;(1) =t;(2) =t;(3) =t;(4) =
2. To get the edge label 3 either 3 is label to adjacent vertices or non adjacent vertices.
In the later case, t£(3) > 3 and former case t;(1) > 4, a contradiction.

Case 6. n = 6.

If there exist a 4-total prime cordial labeling of Cg, then t¢(1) = t£(2) = t;(3) = t;(4) = 3.
In this case 4 is labeled consecutive then either ¢;(3) < 3 or t¢(1) < 3. In the case 4 is
labeled alternatively, then ¢;(3) < 3, a contradiction.

Case 7. n =38.

Similar to case 6, we get a contradiction.

Case 8. n=3,5, 7.

A 4-total prime cordial labeling of C),, n = 3, 5, 7 is given in Table 2.

n| U | Uz | U3 | Ug | U | Ug | U7

31412 |3

514121433

714141212331
Table 2:

]

Theorem 2.9. If n = 0,7 (mod 8), then the complete graph K, is not 4-total prime
cordial.

Proof. Suppose f is a 4-total prime cordial of K,,. Then t¢(1) = t£(2) = t£(3) = t;(4) =
n(nsil)' But t7(4) = m; + (n;l) and t5(3) = my + (732), for some mq, my € N. This forces,
my + (mzl) = mg + (n;Q) That is, m? + my = m2 + my. This implies, m; +my = —1, a

contradiction. Therefore, K, is not 4-total prime cordial if n = 0,7 (mod 8). O
Theorem 2.10. The star K, is 4-total prime cordial for all n.

Proof. Let u be the center of the star and g, us, ..., u, be the pendant vertices adjacent
to u. We divide the proof into four cases.

Case 1. n=4t,t € N.

Assign the label 4 to the vertex u. Next consider the pendent vertices assign the label
4 to the vertices uy, us, ..., u; and 2 to the vertices usiq1, Uy, ..., uy. Finally assign the
label 3 to the remaining vertices ws;i1, Usita, - .., us. Clearly t,(1) = t4(2) = t4(3) = 2t
and t7(4) = 2t + 1.

Case 2. n=4t+1,t € N.
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As in case 1 assign the label to the vertices u, u; (1 <1
3 to the vertex w,. It is easy to verify that t;(1) = t,(3)
Case 3. n=4t+2,t € N.

In this case assign the label to the vertices u, u; (1 <i <mn—1) as in case 2. Next assign
the label 2 to the vertex u,. Clearly t;(1) =t¢(3) =t7(4) =2t + 1 and t£(2) = 2t + 2.
Case 4. n=4t+3,t € N.

Assign the label to the vertices u, u; (1 <i <mn—1) as in case 3. Finally assign the label
3 to the vertex w,. Obviously t¢(1) =t;(3) =t,(2) =2t +2 and t¢(4) = 2t + 1. O

<n —1) as in case 1 and assign
=17(4) =2t +1 and t4(2) = 2t.

Theorem 2.11. The bistar B, ,, is 4-total prime cordial for all n.

Proof. Let u, v be the center vertices of the bistar B,, ,,. Let u; (1 <i < n) be the pendent
vertices adjacent to v and v; 1 <7 < n be the pendent vertices adjacent to v.

Case 1. n =0 (mod 4).

Let n = 4t, t € N. Assign the label 4, 3 to the vertices u and v respectively. We now

move to the pendent vertices uy, us, . . ., u,. Assign the label 4 to the vertices u, us, . .., uo;
and 2 to the vertices ugsy1, Ugryo, ..., usy. Now we consider the other side pendent ver-
tices vy, Vg, ..., v,. Assign the label 3 to the vertices vy, vs,...,v9 and 1 to the vertices

Vgt41, Vatta, - - -, Va. Clearly in the case tf(1) = t7(3) =t;(4) =4t + 1 and t4(2) = 4t.
Case 2. n =1 (mod 4).

Let n = 4t + 1, t € N. In this case assign the label to the vertices u, v, u; (1 < i < n),
v; (1 <7 < n)asin case 1. Next assign the label 2 and 4 to the vertices u, and v,
respectively. Obviously ¢;(1) = t7(2) = t;(4) = 4t + 2 and t,(3) = 4t.

Case 3. n =2 (mod 4).

Let n = 4t + 2, t € N. As in case 2 assign the label to the vertices u, v, u; (1 <1i < n)
and v; (1 <7 < mn). Next assign the label 1, 3, 2, 3 respectively to the vertices u,, v,,
Up—2, Un_1. Clearly t7(1) =t4(2) =t4(3) =4t + 3 and t,(4) = 4t + 2.

Case 4. n =3 (mod 4).

Let n =4t + 3, t € N. Assign the label to the vertices u, v, u; (1 <i<n), v; (1 <i<mn)
as in case 3. Finally assign the label 4, 2 respectively to the vertices u,, and v,,. It is easy
to verify that ¢7(1) =t4(2) =t;(4) = 4t + 4 and t,(3) = 4t + 3. O

Theorem 2.12. The join of Ky with mK;, Ky + mkK; is 4-total prime cordial iff m < 1.

Proof. Let u, v be the vertex of degree 2m + 1 and uq, us, . .., u,, be the vertex of degree
2. Suppose f is a 4-total prime cordial labeling of Ky + mK;. Clearly |V (Ks + mK;)| +
|E(Ky +mK,)| = 3m + 3.

Case 1. f(u) = f(v) = 4.

They at least [33] vertices of uy, ug, - -+, un, receive the label 3. But t;(2) <
contradiction.

Case 2. f(u) =4, f(v)

In this case, t;(1) > [22+ ] a contradiction.
Case 3. f(u) =4, f(v)=1.
)

In this case, t(1) > m + [222] a contradiction.

w
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Case 4. f(u) =4, f(v) = 3.
In this case either ¢7(2) < [322] or ¢4(4) < [22£2], a contradiction.

Case 5. f(u) = f(v) = 3.

Then at least [2™53] vertices of uy, us, ..., u, receive the label 4. This implies t;(2) <
[2m43] " a contradiction.

Case 6. f(u) =3, f(v) =2.

In this case, t;(1) > [2%3] a contradiction.

Case 7. f(u) =3, f(v) = 1.

Clearly at least [23] vertices other than u and v receive the label 4. Therefore, t;(1) >
[2m43] "a contradiction.

Case 8. f(u) = f(v) = 2.

Clearly, t;(2) > [¥%3] a contradiction.

Case 9. f(u) =2, f(v) =1

Then at least [222] vertices of uy, ug, . . ., u, receive the label 3. Then ¢7(1) > m+[22E3],
a contradiction.

Case 10. f(u) = f(v) = 1.

Clearly, t;(1) > 2m + 1, a contradiction.

Case 11. m = 1.

Ky + K =2 (4, follows from the Theorem 2.8. O
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