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ABSTRACT

ARTICLE INFO

Convex hull of some given points is the intersection of
all convex sets containing them. It is used as primary
structure in many other problems in computational ge-
ometry and other areas like image processing, model
identification, geographical data systems, and triangu-
lar computation of a set of points and so on. Comput-
ing the convex hull of a set of point is one of the most
fundamental and important problems of computational
geometry. In this paper a new algorithm is presented for
computing the convex hull of a set of random points in
the plane by using a sweep-line strategy. The sweep-line
is a horizontal line that is moved from top to bottom on
a map of points. Our algorithm is optimal and has time

complexity O(nlogn) where n is the size of input.
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1 Abstract Continued

This algorithm is new and different from existing ones for constructing convex hull. Our
algorithm is working on points on two different sides, which makes it different from Gra-
ham scan and performs better for a random set of points. Finally note that we have
implemented our algorithm in C with two systems for taking input points: totally ran-

dom and user specified points. The outputs of our implementations are presented in the

paper.

2 Introduction

Computing the convex hull of a set of points is one of the most fundamental and important
problems in computational geometry. Convex hull is used as primary structure in many
other problems in computational geometry and other areas like image processing, model
identification, geographical data systems, triangular computation of a set of points and
etc. A subset A of the plane is called convex if the line segment is located totally in A
whenever p, q are in A. The convex hull of a set of n points P is the smallest convex set
that contains all points and it is shown by CH(P). In more subtle word, in fact convex
hull is intersection of all convex sets containing all n points. The sweep-line is a horizontal
line that is moved from top to bottom on a map of points. The main purpose of this paper
is to find the convex hull of a set of points in the plane by using a brand new sweep-line
algorithm. In the rest of this paper we first review some preliminaries about convex hull
and then present our proposed algorithm and its time complexity. The paper ends with

implementation and some conclusions.

3 Related works

Many algorithms are discovered for computing convex hull of a set of points P. In this
section we present a short review of such algorithms. Brute force algorithm [2] discovered
by Anon. This running time of this algorithm is O(n?) and it works as follows: if we

draw a connecting line for two points and if other points are standing in one side of
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this line, then these two points shall be in the convex hull. In 1972, other algorithm
discovered for drawing convex hull with running time O(nlogn) by Graham [11]. This
algorithm primarily finds a point p in the interior of CH(P) and express each point in
the polar coordinate and order all points based on their increasing angle. Then it sends
spectrums from p to other points and starts to connect points to each other to emerge
convex multilateral. Another algorithm is invented in 1970 by Chand and Kapur [6]. This
algorithm is started to draw a line from lowest point and a horizontal line which is rotated
in the counter-clockwise direction until it meets another point. It is running time O(nh)
where h is the number of points in the boundary of convex hull. In 1977, a divide and
conquer algorithm was discovered by Preparata and Hong [17]. It divides points to two
(almost) equal size sets and computes their convex hull and then incorporates these two
hulls. This algorithm works totally in time O(nlogn). One can refer to other algorithm
by Jarvis 1973 [13], rapid hull algorithm by Eddy [8] in 1977 and, another with running
time O(nh) by Bykat [4] in 1978. In 1979, a monotone algorithm of order O(nlogn)
was given by Andrew [1]. In 1986, a compound algorithm before win was presented by
Kirk Patrik and Seidel [14]. Overmars and Van Lee [16], computed a convex hull in time
O(nlogn) where the insertion and elimination of points is done simultaneously. Other
results produced in convex hull by Hershberger and Suri [12], Chan [5], and Brodal and
Jacob [3]. In 2016 the authors introduced TORCH (total-order convex-hull) [10] where
the points were floating-point numbers. In 2018 some space-efficient implementations in
the integer-arithmetic setting are studied [9]. In this paper we try to present a brand new

and optimal algorithm for constructing convex-hull.

4 Convex hull and sweep-line method

In order to have a better insight to convex hull of a finite set P of n points in plane,
imagine as some nails in a wall and their convex hull is a rubber drain that surrounds
them all. This point of view leads to another definition of convex hull of P: singular
convex multilateral that their topes are points of P and included other points P; see Fig.
1.

An algorithm that is remarked here is sweep plane and a line that is within it, is called
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Figure 1: What is the convex hull of a set of points?
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Figure 2: How the sweep line works in the line segment intersection problem

sweep line. Sweep line is a horizontal line that is moved along a map of objects from
top to bottom and it traverses them. For instance, if our objects are line segments, their
upper or lower end points and their intersection points are event points. Particularly,
sweep-line is dropped by moving in whole space. Unexplored points are located under
sweep line and explored points are located above this line [15]. Status of sweep line is a
set of crossing line segments. While line is moved downward, status is produced. Upper
and lower end points are called event points of sweep plane algorithm. It evaluates all
events and finds all line segment intersections [7].

Here for the ease of reader and also for the sake of completeness, we review Graham Scan
algorithm for constructing convex hull of a set of points. The first step is to find the
bottommost point (i.e., the point with the lowest y-coordinate), say P. If there is more

than one point with such property, the point with the lowest x-coordinate out of them will
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be chosen. Note that here we spend O(n) time, where n is the number of input points.
In the next step, we sort the set of points in increasing order of the angle they and the
point P make with the x-axis. If we use quicksort for sorting for example, we need to
spend a further O(nlogn) time which gives the total time complexity since in the sequel
the overall complexity is smaller than that and the time to sort dominates the time to
actually compute the convex hull. Now consider each of the points in the sorted array:
For each point, Graham scan asks whether moving from the two previous points to this
point is a left turn (has angle less that 180 degree) or a ”right turn”. If it is a "right turn”,
the second-to-last point is not part of the convex hull and should be removed. Note that
as long as the set of the last three points is a "right turn” this process will be repeated.
As soon as we encounter to a ”left turn”, the algorithm moves on to the next point in
the array. Eventually this process will return to the point P that was the starting point.

Finally we obtained the points on the convex hull in counterclockwise order.

5 Our Algorithm

Our purposed algorithm in this paper makes use of convex hull and sweep-line method-
ology. Our approach is similar to the sweep-line algorithm in the problem of finding
intersections of some given line segments. That is, we can construct and update the con-
vex hull as long as the sweep-line moves from top to bottom. For starters, take some
random points in the plane for which no two of them have the same y coordinates. We
then remove this extra assumption in Section 5. Let the sweep-line L stands above the
highest point as in Fig. 3:

The sweep line moves down to reach to the first point that we call it PMAX; see Fig. 4:
Now if we draw a vertical line passing through PMAX, the other points are located at
left or right side of it. Our algorithm will use two lists for each side separately. We call
them LL (resp. RL) for the list of points in left (resp. right) side of PMAX; see Fig. 5.
(1) Tt contacts to only one point in either sides: In this case we draw a line segment (as
a part of convex hull edge) from the previously found point in that side to this point; see
Fig. 6.

(2) It contacts to two points, one in left side and the other in right side: As in case (1),
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Figure 3: The sweep line stands above all points
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Figure 4: The sweep line moves down until it reaches to the first point (the topmost point)
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Figure 5: At PMAX, we draw a vertical line
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Figure 6: How our algorithm performs when the sweep line touches only one point in one
side
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Figure 7: How our algorithm performs when the sweep line touches two points with the
same y-coordinates in one side
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Figure 8: How our algorithm performs when the sweep line touches two (or more) points
in two sides

Fig. 7, we draw two line segments from the last found point to these two points.
(3) It contacts to two points in one side: In this case if the points are in the right (resp.
left) side, we keep the point with greater (resp. smaller) x coordinate and remove the

latter; see Fig. 8 for example (its right side).

aq b1 0
a9 bQ 0
as bg 0

Now if the result is 0, the three points are collinear; if it is positive, the three points

constitute a "left turn” or counter-clockwise orientiation, otherwise a ”right turn” or
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Figure 9: How our algorithm performs for right turns for the last three points in each side
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Figure 10: Continue moving downward

clockwise orientation.

We continue until the sweep-line touches all the points. Finally we draw a line segment
from the last two found points in each side together to complete the convex hull; see Fig.
11.

Note that if at any stage the three points are collinear, we have two options, either to
discard or to report it, since in some applications it is required to find all points on the

boundary of the convex hull.

6 Degenerate cases

If there exist two points with the same y-coordinates, we first connect these two points

to each other by a horizontal line and then use this line segment as one of the convex hull
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Figure 11: Reaching to the last point

edges and apply our proposed algorithm to the end points of this line segment.

7 Implementations

The pseudo code and some outputs of our algorithm are shown in this section:

Input: A set S of random points where no two of them have the same y-coordinates.
Output: The convex hull of S

Process:

0. Find the top most point of S, PMAX.

1. Start moving the sweep line L downward from PMAX.

2. Create two lists, LeftList (resp. RightList), consisting of points which are located
below PMAX in the left (resp. right) side of a vertical line that is drawn from PMAX.
3. Move L downward until we reach another point, a new PMAX, draw a line segment
from the old PMAX to new PMAX, go to step 2. Look carefully for right angles for the
last three points in each side and remove the middle point in case.

4. If no other point is remained, the convex hull is computed.

Our algorithm has been implemented in C and in the following three outputs of it is
presented. At left side of each figure, the starting points and the location of the sweep
line are shown and in the right side, the convex hull is drawn. We use two systems for

taking the input points, totally random and user specified points.
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Figure 12: Demo 1 of our algorithm
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Figure 13: Demo 2 of our algorithm
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Figure 14: Demo 3 of our algorithm
8 Complexity analysis

T(n) = n+ T(ny) + T(ng), if ny + ny < n. Likewise quick sort, this has expected
running time O(nlogn), but worst-case time O(n?). Although it may seem that the time
complexity of the loop is O(n?), because for each point it goes back to check if any of the
previous points make a "right turn”, it is actually O(n), because each point is considered
at most twice in some sense. Note that each point can appear only once as a point in a
"left turn” because the algorithm advances to the next point after that), and as a point
in a "right turn” (because the point is removed). If at each step almost all points are
located at one side of PMAX, we get close to the worst-case. Since T'(n) =T(n—1)+n
which sums to T'(n) = O(n?).

But if points are distributed randomly, without any extra assumptions, this algorithm is

going to be fast enough and runs optimally. In fact in this case T'(n) = 27'(n/2)+n which
leads to T'(n) = O(nlogn).

9 Conclusion

This algorithm is new and different from existing ones for constructing convex hull, it has
average case running time O(nlogn). Our algorithm is working on points on two different

sides, which makes it different from Graham scan and performs better for random points.
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In fact we implemented two systems for taking the input points, totally random and user

specified points.
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