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ABSTRACT

ARTICLE INFO

Let n and k be integers such that 3 < 2k + 1 < n.
The generalized Petersen graph GP(n,k) = (V,E) is
the graph with V' = {uy,us,...,u,} U {v1,09,...,0,}
and E = {uwu;11, vy, vvipg - 1 < i < n}, where addi-
tion is in modulo n. A subset D C V' is a dominating set
of GP(n, k) if for each v € V'\ D there is a vertex u € D
adjacent to v. The minimum cardinality of a dominat-
ing set of GP(n, k) is called the domination number of
GP(n, k).

In this paper we give a dynamic programming algo-
rithm for computing the domination number of a given
GP(n,k) in O(n) time and space for every k = O(1).
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1 Introduction

Let G = (V,E) be a graph with the vertex set V' and the edge set E. Here, we study
finite, simple and undirected graphs. The open neighborhood of a vertex v € V' is Ng(v) =
{u € V :uv € E} and the closed neighborhood of v is Ng[v] = Ng(v) U{v}. The degree
of v € V, denoted by degg(v), is the cardinality of Ng(v), that is, degq(v) = |[Ng(v)].
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A dominating set (DS) of G is a set D C V with the property that every vertex v € V'\ D
is adjacent to at least one vertex u € D. The minimum cardinality of a dominating set
of G is called the domination number of G, denoted by v(G).

Let n and k be integers such that 3 < 2k + 1 < n. Watkins [5] has introduced the
generalized Petersen graph GP(n,k) = (V,E) as the graph with the vertex set V =
{ug, ug, ..., u,} U{vg,vg,...,0,} and the edge set E = {wju;1, w0, 000 = 1 < i < n},
where the subscripts are added modulo n.

Behzad et al. [1] have given an upper bound on, and then Yan et al. [6] and Liu and
Zhang [4] have determined the exact value for the domination number of some classes of
generalized Petersen graphs. The problem of finding a minimum dominating set of an
arbitrary graph is NP-complete [2]. There are polynomial time algorithms to compute
the domination number of some of class of graphs such as trees, interval, permutation
and series-parallel graphs [3, Chapter 12]. In this paper, we give a linear time and space
algorithm based on dynamic programming approach to compute the domination number

of GP(n, k), where k = O(1).

2 Preliminaries

In the rest of the paper we fix integers n and k such that 3 < 2k+1 < n. Let GP(n,3) =
(V, E) be the generalized Petersen graph with V' = {uy,...,u,} U{vq,...,v,} and E =
{uiwipr, uivs, vivigr + 1 < i < n}. The semi-generalized Petersen graph SGP(n,k) =
(Vs, E) (corresponding to GP(n, k)) is a graph with the vertex set

Vo=V UuViuVv,
where V; = {v1_g, Vo g, ..., 00, uo} and Vi = {tp11, Uni1,Vnt2, - - -, Unik} and the edge set
Es = (E\A{uun, vpprivi 0 1 <1< k})UEUE,,

where E; = {v1_jv1, V9 s, ..., VU, gy, Ugto} and E, = {u,110n41, Unlpi1,
Un—kt1Un11, Un—kt2Unt2, - - - UnUnik }- See Fig. 1.

We have deggep(n k) (v) = 3 for every vertex v € V and degggp(, ) (v) < 3 for every vertex
veVuV,.

Let G' = (V' E’) be a connected subgraph of SGP(n,k). A subset D C V' is a semi
dominating set (SDS) of G’ if for each vertex v € V' \ D with degq (v) = 3 there
is a vertex u € D adjacent to v. Let G¥ be the subgraph of SGP(n,k) induced by
Vi =Viu{uy,...,ui} U{v, ..., 0,041, Vg1 ) for each 1 < i < n+ 1. We obtain
GE., = SGP(n,k). See Fig. 1(b). Let by, ba, ..., bopio € {0,1} and let i € {1,2,...,n+
1}. In the following we define ~P2r+202r+1-01(GF) " Here, bopyo,bori1,-..,b1 are corre-
sponding to vertices Ui i, Vi ki1, -+, Vi1, Ui—1, Ui, Uiy Vitl, - -, Virk_1, Tespectively. Let
j € {1,...,2k + 2}. The value y"#+2"%1(G¥) is the minimum cardinality of a SDS D
of G¥ such that if b; = 0, then the corresponding vertex of b; is not in D and if b; = 1,
then the corresponding vertex of b; is in D. Since there are 22%%2 = 4% different cases
for defining y2++21(G¥), in the following we give the complete formal definition of some
cases.
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(a) (b)

Figure 1: Tllustrating (a) GP(8,3) and (b) SGP(8,3) and G3.

o " OGY) = min{|D| : Dis a SDS of G¥, v x € D, v; 41 € D,..., viq1 & D,
Uiy & Dyui ¢ Dy vi @ Dyvia € D, vip & DY,

o VO OLGE) = min{|D| : D is a SDS of G¥, v, ¢ D, v; 441 & D,..., v;_y ¢ D,
wiy € D,us @ D,vi € Dyvign € D, ..., Vigg—a & D, Vg1 € D} and

o YI(GY) = min{|D| : D is a SDS of G¥, v; x € D, v; 441 € D,..., v;1 € D,
U1 €D, u; € Dyv; € Dy vigg €D, Ving—q € D}

A 2 0(GF)-set is a minimum SDS D of G¥ such that v; & D, v; 1 € D,..., vy & D,
w1 ¢ Dyu ¢ Dyvi & Dyviyg € D, ..., vipg—1 ¢ D. Similarly, we define the others. See
Fig. 2.

Figure 2: Tllustrating (a) a '9M1%0(G3)-set and (b) a y'10%M10(G3)-set; note that the
vertices of SDSs are solid.

Let X, x be the set of all minimum SDS of SGP(n, k) such that
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Algorithm 3.1: DT(GP(n,k))
Input: The generalized Petersen graph GP(n,3) = (V, E).
Output: The domination number of GP(n, 3).

1 Let SGP(n,3) be the semi generalized Petersen graph corresponding to GP(n, 3).
2 for by, ..., bayse € {0,1} do
4 for (1‘1, R 15 ) € {O, 1}) N (x2k+2 ] 7é b2k+2 cee bl) do
o | TR o
6 fort=1ton+1do
7 for xq,...,xop0 € {0,1} do
L Compute y*2:+2%1((;) by Lemma 3.
9 |Xb2k+2"'b1 | - 'Vb%ﬁmbl (Gn+1)§

10 v = min{| X,y | — (b1 + -+ 4+ bogg2) 1 b1, by € {0,1}};
11 return ~;

(i) w; € D if and only if u,,; € D for each j € {0,1}, and
(i1) v; € D if and only if v,y; € D for each j € {—k+1,—k+2,...,k}.

The following proposition is clear.

proposition 1 |X,, ;| = 4.

Let j e {=k+1,—k+2,...,k} and [ € {0,1} and assume a;j,d; € {0,1}. Let a; be
corresponding to vertices vj,v,4; and let d; be corresponding to vertices u;, un. We
define Xo , 0 y.0-aododiaras-ap @ & minimum SDS of SGP(n, k) such that if a; = 0
(respectively, d; = 0), then their corresponding vertices are not in X, _, 1aododya-—a, and
if a; = 1 (respectively, dj, = 1), then their corresponding vertices are in Xa_pir-aododias-—ay-
We obtain ka = {Xb2k+2---b1 . bl, ey b2k+2 € {0, 1}}

3 Algorithm

In this section we give an algorithm (Algorithm 3.1) to compute the domination number
of the generalized Petersen graph GP(n, k). In order to prove that Algorithm 3.1 works
correctly we need the following lemmas. The main idea of our algorithm is the following
lemma.

Lemma 1. Let GP(n, k) = (V, E) and let D be a set of X, ; such that |[DNV| < |SNV|
for every set S € X, Then, DNV is a minimum DS of GP(n,k). Proof. Recall
Vi = {vig,---,v0,u0} and V, = {upi1,Vni1,---5Unak}. Let D' = DNV. We first
prove that D’ is a DS of GP(n,k). By Note 77, we have degggp(,r)(v) = 3 for every
vertex v € V. Assume v € V '\ D’. Since D is a SDS of SGP(n, k), there is a vertex
u € D adjacent to v. If Nsgp@mk(v) N D" # 0, then there is nothing to be proven. If
Nscpmg)(v)ND" =0, then Nggp@ ) (v)ND C V,UV,. Assume without loss of generality
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that u = v; € Nggpmr)(v) N D for some 1 —k < j < 0. By the definition of SGP(n, k),
Nscpms)(vj) = {vjsr} if 7 # 0 and Nsapm,s)(vo) = {vk, uo} and so v = vj44. Because
D € X, and v; € D, we deduce v,4; € D. Since vpij € Nepmr)(Vjir), hence D' is a
DS of GP(n, k).

Suppose for a contradiction that D" is a not a minimum DS of GP(n, k). Assume that
Z"is a DS of GP(n,k) with |Z'| < |D’|. We construct the set Z as follows. Initialize
Z to be Z'. If uy € Z', then we add u,,1 to Z, if u, € Z’', then we add uy to Z,
if v; € D for some j € {1,2,...,k}, then we add v,4; to Z and if v; € D for some
je{n—k+1,n—k+2,...,n}, then we add v;_, to Z. So, Z € X, with |ZNV| =
|Z'| < |D'| = |D N V]|, a contradiction.

In order to compute all sets of X, , we need the following lemma.

Lemma 2. Let by, by, ..., boxso € {0,1}, let i € {1,2,...,n+ 1} and let either by, 3 +
bk+2 > 1or bk+l = bl = 1. Then,

(/l) ,yb2k+2...bk+4000bk--.b20(Gi§+1) — 71b2k+2“'bk+4100bk"'b2(G?)’

(Z’l) ryb2k+2“'bk5+4000bk'“b21(Gf“+l) — min{’}/Obwﬁ'Qmbk+4100bkmb2(G?),’ylb2k+2mbk+4100bkmb2(G?)}
+ 1,

(i) Abows2Drsa00Unt20(GE Y = i {102kt a0000k-b2 (GRY o 1baksabrr 41000k (GH))
+ 1,

(z’v) 7b2k+2"'b1 (Gerl) - min{fyOme—z"'bk+40bk+2bk+3bk"'b2(Géﬂ)’7052k+2"'bk+41bk+2bk+3bk"'b2(G?)’

1b <obp 1400k L obg13bg b k 1b cbpialbyobgisby-b k
v 2k+2° "0k 4+ 400k 20k 430k Q(Gi%fy 2k+2"" Ok+4+410k 420k 30 Q(qu);}‘i‘bk—i-l"‘bl-

Proof Let j € {2,....,k — Lk, k+4,...,2k + 1,2k + 2}. We first prove (i). Let D
be a P22 bera000bi-b20(GE N_get. So, all vertices v;, Ui, Ui+1, Viyg are not in D and the
corresponding vertex to b; is in D if b; = 1 and is not in D if b; = 0. See Fig. 3(a).
Since NG§+1(UZ') = {u;, Vi, Visr }, NG?+1(Ui) = {u;—1,uis1,v;} and D is a SDS of G¥, |, we
deduce that both vertices v;_; and u;_; are in D. Hence, D is a SDS of Gf such that the
corresponding vertex to b; is in D if b; = 1 and is not in D if b; =0, v;_p € D, u;—y € D,
u; ¢ D and v; ¢ D and so ~ytozer2beral00bi-ba (GRY < D that is,

71b2k+2--~bk+4100bk'“b2 (Gf) < ,yb2k+2'-'bk+40005k"'b20(Gi&rl). (1>

Conversely, let S be a b2 Ortal00b-b2(GRY got S0 1, € S, u;y € S,u; ¢ S, v; ¢ S
and the corresponding vertex to b; is in S if b; = 1 and is not in S if b; = 0. See Fig.
3(b). Since both vertices v;_j, and u;_; are in S, we deduce that S is a SDS of G¥,,
such that vy € S, w1 € S, w; ¢ S, v; ¢ S and the corresponding vertex to b, is in
S if b = 1 and is not in S if b; = 0 and so AP2r+2beral000k-020(GE ) < |G| that is,
APi2 b a000bs-b20(Gk ) < oy bansabrsal00be-b2 (GR) - This, together with Inequality (1),
completes the proof of (7).

Now, we prove (ii). Let D be a nbz+20rra0000-bal(GE ) get. So, all vertices vy, u;, ujr1
are not in D, v;1; € D and the corresponding vertex to b; is in D if b; = 1 and is not in
D if b; = 0. Since NG§+1(vi) = {U;, Vi_g, Vitk }, NG§+1(ui) = {u;_1,ui+1,v;} and D is a SDS
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Vi1 = bk+4 v; =0 Vit1 = by Vitk—1 = by Vi—1 = bk+4 v; =0 Vit1 = bk Vitk—1 = b2

Uj—1 = 1

Vipg =0 Vitk
Vi1 = bog2 Vi1 = bogyo

Figure 3: Illustrating the subgraph Gfﬂ.

of Gfﬂ, we deduce u;_; € D. Because v; is dominated by v; (€ D), either v;_j € D or
vi— ¢ D. In the following we consider these cases.

o Assume v;j, € D. Let X = D\ {v;yx}. So, X is a SDS of G¥ such that the
corresponding vertex to b; is in X if b; = 1 and is not in X if b; = 0, v, € X,
w1 € X, u; ¢ X and v; ¢ X and so ylP2r+2 - beeal00b-b2(GRY < X| = | D| — 1, that
is,

,ylb2k+2"'bk+4100bk"‘b2 (Gf) +1< vb2k+2"'bk+4000bk"'b21(Gﬁ_l)‘ (2)

o Assume v;j, ¢ D. Let X = D\ {v;yx}. So, X is a SDS of G¥ such that the
corresponding vertex to b; is in X if b; = 1 and is not in X if b; = 0, v, ¢ X,
w1 € X, u; ¢ X and v; ¢ X and so y002k+2 - bkral00bib2 (GRY < X| = | D| — 1, that
is,

70b2k+2”'bk+4100bk"'b2 (Gf) +1< 7b2k+2'~-bk+40005k'~b21(Gﬁl)' (3)

Conversely, let Sy be a y002r+2:0r+a1000k-b2 (GFY_got, and let Xy = SoU{visx}. So, vk & Xo,
ui—1 € Xo, u; ¢ Xo, v; ¢ Xo and the corresponding vertex to b; is in Xy if b; = 1
and is not in Xy if b; = 0. Because both vertices v;1; and u,—; are in X, we deduce
that Xy is a SDS of GF,, such that v; ¢ Xo, u; & Xo, ui1 ¢ Xo, vigr € Xo and
the corresponding vertex to b; is in X, if b; = 1 and is not in X, if b; = 0 and so
7b2k+2“.bk+4000bk'“b21(Gﬁ_l) < |XO| — |SO| + 1, that is,

,7b2k+2"~bk+4000bk"'b21(Gﬁ_l) < ,y052k+2"'bk+41006k"'b2 (Gf) +1. (4)
Let S; be a ylb2r+2-Orral000k-b2 (G _got and let X, = S;U{v;4x}. So, vip € X1, u;1 € X1,
w; ¢ X1, v; ¢ Xy and the corresponding vertex to b; is in X if b; = 1 and is not in X
if b; = 0. Because both vertices v;1; and u;_; are in X;, we deduce that X; is a SDS of
Gfﬂ such that v; ¢ X1, u; ¢ Xy, uip1 ¢ X1, viyr € X7 and the corresponding vertex to
b; is in X; if b; = 1 and is not in X; if b; = 0 and so P22 0sea0000-b2l(Gh ) < | X | =
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|S1] 4 1, that is, P22 bera0000kb2l (G ) < ylborrzbrral00bb2 (GF) 4 1. This, together
with Inequalities (2)—(4), completes the proof of (ii).

Similarly, we can prove (ii7).

Here, we prove (iv). Assume j € {2,...,k, k+2,...,2k+2} and let D be a yb2+201(GF | )-
set such that either by 3+ bgio > 1 or by 1 = by = 1. We have NG%(U@) = {u;, Vi_g, Vitp}
and NGfﬂ(ui) = {u;—1,uiz1,v;}. We first assume by 3 + bryo > 1. Hence, either by 3 =1
or bpio = 1.

o If byy3 =0, then v; ¢ D and by, = 1 and so w; € D. Hence, u; dominates v;.
o If by =0, then u; ¢ D and by 3 = 1 and so v; € D. Hence, v; dominates ;.
o If by 3 =1 and byyo = 1, then both vertices u;, v; € D.

We deduce either v;_ € D or v;_ ¢ D and either u;_1 € D oru;_y ¢ D. lf by = by =1,
then both vertices v,y and u;yq1 are in D and so if v; ¢ D (respectively, u; ¢ D), then
vipr (respectively, w;; 1) dominates v; (respectively, u;). Therefore, either v;_, € D or
vi—x ¢ D and either u;_y € D or u;—1 ¢ D. We obtain that if either bgis + bryo > 1
or byy1 = by = 1, then either v;_ € D or v;_y ¢ D and either u; 1 € D or u; 1 ¢ D.
In the following we consider these cases. Let X = D if u;qy ¢ D (ie., bpy1 = 0) and
ik € D (e, by =0), let X = D\ {1} if uiyr € D (ice., by = 1) and vip € D (iee.,
by =0),let X = D\ {visr}ifuipr & D (ie., bpyr =0) and vy € D (ie., by = 1) and let
X = D\ {viyk,uis1} if uiyr € D (ie, by = 1) and vy € D (ie., by = 1). We deduce
| X| = [D| = (br41 + b1).

(a) Assume v;_ € D and u;_; € D. So, X is a SDS of G¥ such that the corresponding
vertex to b; isin X if b; = 1 and is not in X if b; =0, v;_; € X and u;,—; € X and
S0 kit sshesab b2 (GF) < | X| = | D] - (byar + by), that is,

b besalbirabissbio e (GR) 4y by < el (Gly). (5)

(b) Assume v;_y ¢ D and w;_y € D. Similar to the previous case, we have
ke b bbb (G by <0G, )
(c) Assume v;_p € D and u;—1 ¢ D. Similar to Case (a), we obtain

b (GL) by + by < 9P (G, ™

(d) Assume v,y ¢ D and w;_; ¢ D. Similar to Case (a), we deduce

70b2k+2"'bk+40bk+2bk+3bk“'b2(G?) + b1 + b1 < 7b2k+2---1(G§€+1)_ (8)
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Conversely, assume that S is a SDS of G¥, either by, 3 + bpio > 1 or by = by = 1 and
je{l,...,2k+2}. Let X = Sifbyy1 =0and by =0, let X = SU{u;41} if by = 1 and
by =0,let X = SU{v;} if b1 =0and by =1 and let X = SU{v; g, w1} if by =1
and by = 1. We deduce that X is a SDS of GF,; with |X| = |S| + by1 + b1.

Assume that S is a y2r+2OrraOberabipsbe-b2(GF) get. So, X is a SDS of G¥,; such that
the corresponding vertex to b; is in X if b; = 1 and is not in X if b; = 0 and so
70b2k+2"‘bk+40bk+2bk+3bk“'b2 (Gf) < |X| — |S| + bk+1 + bl: that is,

7b2k+2“‘bl(G§+l) < 7oz;mm...bk+40bk+gbk+3bkmbg(Gf) + +bpar + by (9)
Similarly, if § is a o%2rs2breatberbieabioh (GF)-set, then we obtain

Vb”“”mbl(GfH) < ,}/Qb%_ﬂ...bk+41bk+gbk+3bk...bz (Gf) + +bjiq + by (1())
Similarly, if S is a ytf2rsaberslirabosabi (GF)-set, then we have

7b2k+2mbl(G§+1) < 71b%+2...bk+40bk+26k+3,bk...bg (Gf) + +bjir + by (11)
Similarly, if S'is a yfPareabrratborsbioabi=h (GF)-set, then we deduce

e (Gl ) < ot bia bbbt (GF) 4 b + by, (12)

Inequalities (5)—(12) complete the proof of (iv).

Now we are in a position to compute all sets of X, .

Lemma 3. Let by,...,boy2 € {0,1}. We can compute Xp,, .., in O(4*n) time and
space. Proof Let xy,..., x40 € {0,1}. Because we would like to compute X, ,,...4,, ini-
tialize yP2k+2701(G1) to be by++ - - +bgp o and y22++2771(G) to be oo for every Top o -+ - 11 #
bogro - -+ by. Then, by Lemma 3 we compute y"26+2"%1((Gy) for each xq, ..., zoro € {0,1}
and repeat this process to compute y"2:+2%1((G, 1) for each xy,..., zop10 € {0,1}. In
the end of this process, we have |Xy,, .4, | = 7*#+27%(G,11). During this process we can
also compute X, .,..;,. By Lemma 3, the time and space complexity of this Algorithm
is O(4%n).

Theorem 1. Algorithm 3.1 on input the generalized Petersen graph GP(n, k) returns
the domination number of GP(n, k) in O(n16*) time and space. Proof Let by, ..., byyio €
{0,1} and GP(n,k) = (V,E). By Lemma 3, Algorithm 3.1 on input GP(n, k) in Line
9 computes | Xp,, ,..b,|- By the definition of X, ,,..;,, we deduce that | Xy, .0, N V] =
| Xty igby| — (b1 + -+ + bapqo). By Lemma 3, v(GP(n,k)) = min{|X,,, .00 N V] :
T1,. .., Topro € {0,1}}. So, Algorithm 3.1 on input GP(n, k) in Line 10 computes the
domination number of GP(n, k) and returns this value in Line 11. We obtain that the
time and space complexity of Algorithm 3.1 on input GP(n, k) is O(n16*).

By Theorem 3 we have the following result.

Corollary 1. Algorithm 3.1 on input the generalized Petersen graph GP(n, k) returns
the domination number of GP(n, k) in O(n) time and space, where k € O(1).
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