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1 Introduction

Throughout this paper, by a graph we mean a finite, undirected simple graph.
Let G(V, E) be a graph with p verticies and ¢ edges. For notations and termi-
nology, we follow [2].
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Path on n vertices is denoted by P, and a cycle on n vertices is denoted by C,,.
K, is called a star and it is denoted by S,,. The bistar B,, ,, is the graph obtained
from K, by identifying the central vertices of K, ,, and K; , at the end vertices
of Ky respectively. By, ., is often denoted by B(m). The corona of a graph G on
p vertices vy, vq, ..., v, is the graph obtained from G by adding p new vertices
U, U, . .., up and the new edges w;v; for 1 <7 < p. The corona of G is denoted
by G ® K;. The graph P, ® K; is called a comb. Let S,, be a star with central
vertex vertex vy and pendant vertices vy, v, . .., vy, and let [Pa,; Sy, be the graph
obtained from 2n copies of S, with vertices vg;,v1,,...,Vm; (1 < j < 2n) and
joining vg); and vg,,, by means of an edge, 1 < j < 2n — 1. A caterpillar 7" is a
tree with a path P, = uy,us,...,u, called spine with leaves (pendant vertices)
known as feet attached to the vertices of the spine by edges known as legs. It is
noted that every spine vertex u; is attached to X; (possibly zero) number of leaves
bi; (1 <j < X;,1<1i<n). The caterpillar is denoted as T' = S(X1, Xa,..., Xy).
The graceful labelings of graphs was first introduced by Rosa in 1961 [1] and
super vertex graceful labeling of some standard graphs was discussed in [5]. The
concept of pair sum labeling was introduced and studied by R. Ponraj et al. [3, 4].
It motivates us to define a new concept called super pair sum labeling of graphs.
Let G be a (p,q) graph. A one-one map f : V(G) — {£1,%2,...,+p} is said
to be a pair sum labeling if the induced edge function f, : E(G) — Z — {0}
defined by fe(uv) = f(u) + f(v) is one-one and f.(E(G)) is either of the form
{tky, tko, ... ,:I:k‘%} or {tky,+ko, ..., ik%} according as ¢ is even or odd. A
graph with a pair sum labeling defined on it is called a pair sum graph.

A graph GG with p vertices and ¢ edges is said to have a super pair sum labeling if
there exists a bijection f from V(G) U E(G) to {0,£1,£2, ..., &(221)} when
p+ ¢ is odd and from V(G) U E(G) to {£1,£2,...,+(%%)} when p + ¢ is even
such that f(uv) = f(u)+ f(v). A graph that admits a super pair sum labeling is
called a super pair sum graph.

A super pair sum labeling of a graph B(2) is given in Figure 1

0

Figure 1: A super pair sum labeling of B(2)

In this paper, we prove that the graphs P,, K, bistar B,,, for m > 1,
n > 1,[Pan; S) for n > 1,m > 1, comb, Cy,, K;,, U K3, and banana tree
S(m,0,0,...,0),m > 1 are super pair sum graphs.
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2 Super Pair Sum Graphs

Theorem 2.1. Any path is a super pair sum graph.

Proof. Let uy,us, ..., u, be the vertices of the path P,.
Case i. n is odd.
Define f: V(G)U E(G) — {0,£1,£2,...,£(n — 1)} as follows:

@ if 7 is odd
flu)=9 .
% if 7 1s even
29 — 1
and f(uuip1) = %, 1<i<n-—1.

Thus, f is a super pair sum labeling.
Case ii. n is even.
Define f: V(G)U E(G) — {0,£1,%2,...,£(n — 1)} as follows:

((ni2id ] << 2 iis odd and n = 2(mod 4)

2 <1< g,iis even and n = 0(mod 4)

W TLTHgz'gn—l,iisoddandn52(mod4)
2+ < < n,iis even and n = 0(mod 4)
flui) = W 2<i< ”7—2,2' is even and n = 2(mod 4)
1<i< ”T*Q,iis odd and n = 0(mod 4)
2End2 mE2 < < is even and n = 2(mod 4)
nt2

<i<n-—1,iis odd and n = 0(mod 4),

M‘

\

flujuiyr) =1, for 1 <i < nT
f(u

f(uiuiJrl) =i—mn, for

UnTJrQ) =0 and

wl3

2
<i:<n-—1.

Thus, f is a super pair sum labeling and hence P, is a super pair sum graph. [J

For example, super pair sum labelings of Py, Pj5 and Pjy are shown in Figure 2.

4 4342 -1 0 1 3 4 5
10 ¢ 9 T -8 8 -7 9 -6 10 -5
4 D o4 o - - -
-8 9 -7 10 -6 11 -11 6 -10 7 -9 8

7 -6 8 9 -9 5 -8 6
Figure 2: Super pair sum labelings of Piq, Pjs and Py
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Theorem 2.2. Fvery star graph S, is a super pair sum graph for m > 1.

Proof. Let vy, v1,v2, ..., v, be the vertices of the star K, with vy as the central
vertex.
Define f: V(G)U E(G) — {0,£1,+2,...,£m} as follows:

f(v()) =m,

fv;))=i—1—=m,1<i<m and
f(UoUZ):Z—l,lglgm

Thus, f is a super pair sum labeling and hence .S,, is a super pair sum graph for
m > 1. O

A super pair sum labeling of Sg is shown in Figure 3.

. N
-8 -7 6 -5 -4 -3 -2 -1
Figure 3: A super pair sum labeling of Sg

Theorem 2.3. Bistar B,,, is a super pair sum graph for m > 1,n > 1.

Proof. Let V(K3) = {u,v} and w;(1 < i < m),v;(1 < j < n) be the vertices
adjacent to u and v respectively. B,,, has m+mn+2 vertices and m+n+1 edges.
Define f: V(G)U E(G) — {0,£1,£2,...,£(m +n+ 1)} as follows:

Thus, f is a super pair sum labeling and hence B,, ,, is a super pair sum graph
form>1,n>1. O

A super pair sum labeling of By g is shown in Figure 4.
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-16 0 16

e
15 14 13 12 11 10 9 -15 -14-13 -12 -11 -10 -9 -8
Figure 4: A super pair sum labeling of B;g

Theorem 2.4. [Py,;S,,] is a super pair sum graph forn >1,m > 1.

Proof. Let vy, v1,,vs;, ..., Um, be the vertices in the j% copy of S,,,1 < j < 2n.
The number of vertices and edges of [Pa,; Sy,] are 2n(m + 1) and 2n(m + 1) — 1
respectively.

Case i. n = 0(mod 2).

Define f: V(G)U E(G) — {0,£1,£2,...,£(2n(m + 1) — 1)} as follows:

(m+1)(3n—j+1) oo -
A — 1 ifjisodd, 1< j<n—1

flvo;) = ‘
j _WJA)QM if jis even, 2 < j <n,

1
f(voj) = _f<U02n+1—j)’n +1< 7 <2n,
1 —— DBl s odd, 1< j <n—1

f(vij) - (m+1)(3n—j+2)
2

;) = —f Wiy, s ;)sn+1 <5 <2n,1<i<m,
Joyvo,.,) = —j(m+1), 1< j<n—1,
)

)

—7—1 if 7 is even, 2 < j <n,

f(UOnUOn+1 = Oa
flovo,,) = (2n = j)(m+1),n+1<j<2n—1, and

Fluovi) = (I=j)m+1)—i 1<j<n1<i<m
GO @ =) m 1) i, n+1<j<2m,1<i<m.

Thus, f is a super pair sum labeling.
Case ii. n = 1(mod 2).
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Define f: V(G)U E(G) — {0,£1,£2,...,£(2n(m + 1) — 1)} as follows:

1 (m+1 (3n-+) if jisodd,1<j<n

(m+1)@En—j+1) 3" —*D 1 ifjiseven,2<j<n—1,

oy, ;)sm+1 <7 <2n,

)@t i 1 ifjisodd, 1<j<n

1 —j — (m+DEn+j—1)

5 if jiseven, 2 <j<n-—1,

Uo » {
?Jo]
U,J] {

fvi,) = =f(Vigp_;),n+1<j < 20,1 <0 <m,
flvo,vo, ) = —j(m+1),1 <j<n—1,
f(vo,v0,.,) =0,
f(vo,v0,,,) = (2n — j)(m+1)n+1§j§2n—1and
vov):{(l_j (m+1)— 1§j§ﬂ,1§i§m.,
it (2n —j)(m 1)+z, n+1<j<2n,1<i<m.

Thus, f is a super pair sum labeling. Hence, [P,,;S,,] is a super pair sum
graph. O]

For example, super pair sum labelings of [Ps; S3] and [Ps; S4] are shown in Figure
9.

. . .
-24-25 -26 22 21 20 -28-29-3018 17 16-18 -17 -1628 29 30 -22 -21 -2024 25 26
P8753]

- 1/ 9 3

2322 21 20-25-26-27 -28 18 17 16 1518 -17-16 -15 95 26 27 28 -23 -22-21 .30
[Ps; S4]
Figure 5: Super pair sum labelings of [Ps; S3] and [Pgs; Sy

-24 -5 9 .10

Theorem 2.5. Any comb is a super pair sum graph

Proof. Let G be the comb obtained from a path P, : vy, vs,...,v, by joining a
vertex u; to v;(1 < i < n).

Case i. n = 1(mod 4).

Define f: V(G)U E(G) — {0,£1,£2,...,£(2n — 1)} as follows:

F(vi) = 1—2 ifiisodd, 1 <i<n
VTl 2(n—d)+1  ifiiseven, 1 <i<n,
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N i) +2, 1<i<n-—1
f(uz> - { 1, 7 = n,
foviz1) =2n—41,1 <i<n-—1and
fluw)) =2n —4i+2,1 <i<n.
Then, f is a super pair sum labeling.
Case ii. n = 3(mod 4).
Define f: V(G)U E(G) — {0,£1,£2,...,£(2n — 1)} as follows:
o) = 2(n—1)+1 ifiisodd, 1<i<n
YT 11— 26 if i is even, 1 <i <mn,
N f(Ui+1)+2, 1§Z§7’Z—1
f(uz)_{1—2n7 i=n,
fouir1) =2n—4i,1 <i<n-—1and
Thus, f is a super pair sum labeling. When n is even and m = 1, the result
follows from Theorem 2.4. Hence, any comb is a super pair sum graph. O

For example, super pair sum labelings of Py ® K; and P;; ® K; are shown in

-1 15 10 -5 1 2 -9 2 7 -13 10 3 _qq -17

-9
P, oK,
Figure 6: Super pair sum labelings of Py ® Ky and P;; ® K;

Theorem 2.6. Cy, is a super pair sum graph for n > 1.

Proof. Let vy, vs, ..., 09, be the vertices of the cycle Cs,.
Define f: V(G)U E(G) — {£1,£2,...,4+2n} as follows:
flo) =1,
flogipy)=1—-n—1i,1<i< {n;lJ ,
flvg)=2n—1i,1<i< LgJ ,
() = —fwia)n+1<i<2n,
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(1)1’02) =2n
(vszl):n 1+1,2<i<n-—1,
3n 2
(Unvn—i—l) -
f(vivigq) = (UZ Wit1-n),n+1<i<2n—1and

f(v2nv1) = = f(Unng1).

Thus, f is a super pair sum labeling and hence Cy,, is a super pair sum graph. [J

For example, a super pair sum labeling of (5 is shown in Figure 7.

Figure 7: A super pair sum labeling of C,
Theorem 2.7. K, ,, U K, is a super pair sum graph.

Proof. Let ug, uy,us, ..., un, be the vertices of K ,, and E(K,,) = {uou; : 1
i < m}. Let vg, vy, v,...,v, be the vertices of K, and E(K;,) = {vov; : 1
i < n}. Without loss of generality assume that m < n.

Define f: V(G)U E(G) — {£1,£2,...,=(m +n+ 1)} as follows:

IAIA

flug) = —(m+n+1),
flu)=m+n+1-2i,1<i<m,
f(vo) =m+n+1,

o= { 1% 1<is<m
2 -m—1i, m+1<i<n,
flugu;) = —2i,1 < i <m,
fm+n—-2(i—-1), 1<i<m
f(vovl>_{n+1—i, m+1<i<n.

Thus, f is a super pair sum labeling and hence K ,, U K; , is a super pair sum
graph. O]
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For example, a super pair sum labeling of K; 4 U K 7 is shown in Figure 8.
12

Wy s

6 4 1 5 %5 7 9 -o-11

Figure 8: A super pair sum labeling of K; 4 U K 7

Theorem 2.8. The caterpillar S(X1, Xo,...,X,) where X; = m, Xy = X3 =

<= X, =0 1s a super pair sum graph.
., Uy, be the vertices of the path P,. The vertex u; is attached

Proof. Let uy,uo, ..
to X1 = m number of leaves b;,(1 < j < m).

Define f: V(G)U E(G) — {0,£1,£2,...,£(m + n)} as follows:
— |2 —m  ifiisoddand 1 <i<n
f(uz) =

2
=t +m if 7 is even and 2 <1 < n,

—1
fuiby,) = —m — {gJ +4,1<j<mand

PJJgign—l.
2

Then, f is a super pair sum labeling and hence S(m,0,0,...,0) is a super pair
sum graph. O
For example, a super pair sum labeling of S(6,0,0,0,0,0,0,0) is shown in Figure
9.

-13 3 10 o 12 4 11 o -11 1 12 2 -10 3 13

1 6 78 9
Figure 9: A super pair sum labeling of S(6,0,0,0,0,0,0,0)
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