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Abstract continued: edges labeled with 1 and number of edges not labeled with 1. A
graph G for which there exists a pair difference cordial labeling is called a pair difference
cordial graph. In this paper we investigate the pair difference cordial labeling behavior of
some snake and butterfly graphs.

1 Introduction

In this paper we consider only finite, undirected and simple graphs.The concept of cordial
labeling was introduced by Cachit[1].The notion of pair diference cordial labeling of a
graph was introduced and studied some properties of pair difference cordial labeling in
[4]. The pair difference cordial labeling behavior of several graphs like path, cycle, star,
wheel etc have been investigated in [4].In this paper, we study the pair difference cordiality
of some snake and butterfly graphs.Terms not defined here are follow from Gallian[2] and
Harary|[3].

2 Preliminaries

Definition 2.1. Two even cycles of the same order say C,,, sharing a common vertex with
m pendent edges attached at the common vertex is called a butterfly graph By, ,.Define
V(BYmn) = {vi,u; : 1 <i <n}pU{w; : 1 <j<m}and E(Byn,) = {rqw; : 1 <i <
m} U {uui1, vvi01 0 1 < i <n— 1} where u; is identifying with v.

Definition 2.2. The triangular snake T,, is obtained from the path P, by replacing each
edge of the path by a triangle C5.Let V(T},) = {w;,v; : 1 <i<n,1 <j <n-—1} and
E(T,) = {ujuirr : 1 <i <n—1}U{uv;, uvipg 0 1 <i <n—1}.There are 2n — 1 vertices
and 3n — 3 edges.

Definition 2.3. The alternate triangular snake A(7},) is obtained from the path ujus - - - u,
by joining u; and u;1 (alternatively) to new vertex v;. That is every alternate edge of a
path is replaced by C3.Now we define the vertex set and edge set of A(T},) as follows.

Type 1. The edge ujus lies on the triangle and the edge u,_iu, lies on the trian-
gle.In this case n is even.Let V(A(T,)) = {w,v; : 1 < i < n,1 < j < 2} and
E(A(T,)) = {ugiugit1, uzivj, ugi—1v; : 1 < 4,5 < 5 }.There are 37" vertices and 2n —1 edges.

Type 2. The edge ujus not lies on the triangle and the edge u,_1u, not lies on the
triangle.Here clearly n is even.Let V(A(T},)) = {u;,v; : 1 < i < n,1 <j < 22} and
E(A(Tn)) = {Ugin,U2i+1Uj 01 S Z,j S nT—Z} U {uiuiﬂ 01 S 1 S n — 1}.There are 3n—2

2
vertices and 2n — 3 edges.

Type 3. The edge ujus not lies on the triangle and the edge u,_iu, lies on the tri-
angle.In this type n is odd.Let V(A(T,)) = {uj,v; : 1 < i < n,1 <j < %1} and
E(A(T,)) = {usvj, usir1vy 0 1 < 4,5 < 252} U{wsuzyr : 1 < i < n— 1}.There are 321
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vertices and 2n — 2 edges.

Definition 2.4. The quadrilateral snake @, is obtained from the path P, by replacing
each edge of the path by a cycle Cy.Let V(Q,) ={u;: 1 <i<n}U{y;:1<j<n-1}
and E(Q,) = {uuir 0 1 < i < n— 1} U{uw, vywg, wiuig - 1 <@ < n— 1}.There are
3n — 2 vertices and 4n — 4 edges.

Definition 2.5. The alternate quadrilateral snake A(Q,) is obtained from the path
Uiy - - - Uy, by joining u; and u;yq (alternatively) to new vertices v;, w; respectively and
then joining v; and w;. That is every alternate edge of a path is replaced by a cycle
Cy.Now we define the vertex set and edge set of A(Q,,) as follows.

Type 1. The edge ujus lies on the quadrilateral and the edge u,_qu, lies on the quadri-
lateral.In this type n is even. Let V(A(Qy)) = {u; : 1 <i<n}pU{v;:1 <5< 5} and
E(A(Qn)) = {wiuiy1 : 1 < i <n— 1} U {ugi 105, viw;, wiug; : 1 < i < G} There are 2n
vertices and 5"2—’2 edges.

Type 2. The edge ujus not lies on the quadrilateral and the edge u,_qu, lies on the
quadrilateral.In this case n is odd. Let V(A(Q,)) ={u; : 1 <i<njU{v;:1<j <21}
and F(A(Qn)) = {uiuisr : 1 <1 <n— 1} U {uyv;, viwy, wiugipr 1 1 <@ < ”T’l}.There are
2n — 1 vertices and 5"2—’5 edges.

Type 3. The edge ujus not lies on the quadrilateral and the edge wu,,_1u,, not lies on the
quadrilateral Here clearly n is even. Let V(A(Q,)) = {u; : 1 <i <n}ufv; : 1 <j <252}
and F(A(Qn)) = {uiuisr : 1 <1 <n— 1} U {ugv;, viwy, wiugipg 1 1 < i < ”T_z}.There are
2n — 2 vertices and 5”2—’8 edges.

3 Butterfly Graphs

Theorem 3.1 The butterfly graph By,,, is a pair difference cordial if m = 2,3,4,5,6
and for all values of n > 3.

Proof. Let us consider the vertex set and edge set from the definition 2.1.

Case 1. m = 2.

Define the pair difference labeling f : V(Bys,) — {£1,£2, -+, £(n)}.There are four
cases arises.

Subcase 1. n =0 (mod 4).

First assign the label 2 to the vertex u;. Assign the labels 3,4 to the vertices us, us
respectively and assign the labels 6,5 respectively to the vertices uy4, us.Next assign the
labels 7, 8 respectively to the vertices ug, u7 and assign the labels 10, 11 respectively to the
vertices usg, ug.Proceeding like this until we reach the vertex wu,_;.Now assign the labels
f(vi) = —f(u;,2 < i < n—1).Finally assign the labels 1,—2,1, —1 respectively to the
vertices Uy, Uy, Wy, Wa.
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Subcase 2. n =1 (mod 4).

As in subcase 1, assign the labels to the vertices u;, (1 < i <n—1), 1,2 <:1<n-—1)
and wq, wo.Finally assign the labels 2, —2 respectively to the vertices w,, v,.

Subase 3. n =2 (mod 4).

As in subcase 1, assign the labels to the vertices u;, (1 < i < n), v;,(2 < i < n) and
w1, Wa.

Subcase 4. n =3 (mod 4).

As in subcase 2, assign the labels to the vertices u;, (1 <7 < n),v;(2 <i <n—4),v,,w;
and wq.Finally assign the labels —n+2, —n+1, —n to the vertices v,,_3, v,,_2, v,_1 Tespec-
tively.

This vertex labeling in all the four cases gives that Ay =n+ 1= Aye.

Case 2. m = 3.

Define the pair difference labeling f : V(Bys,) — {£1,£2,---,£(n + 1)}.There are
four cases arises.

Subcase 1. n =0 (mod 4).

First assign the label 2 to the vertex u;. Assign the labels 3,4 to the vertices us, us
respectively and assign the labels 6,5 respectively to the vertices uy, us.Next assign the
labels 7,8 respectively to the vertices ug, u7 and assign the labels 10, 11 respectively to
the vertices ug, ug.Proceeding like this until we reach the vertex u,,.Now assign the labels
f(v;) = —f(w;), (2 <i < n).Finally assign the labels 1, —1, —2 respectively to the vertices
w1, Wa, Ws.

Subcase 2. n =1 (mod 4).

As in subcase 1, assign the labels to the vertices u;, (1 < i < n), v;(2 <i <n-—1) and
Wy, Wa, W3.

Subase 3. n =2 (mod 4).

As in subcase 1, assign the labels to the vertices u;, (1 < i < n), v, (2 < i < n) and
w1, Wa, W3.

Subcase 4. n =3 (mod 4).

As in subcase 1, assign the labels to the vertices u;, (1 < i < n), v;,(2 < ¢ < n) and
w1, Wo, W3.

Case 3. m = 4.

Define the pair difference labeling f : V(Bys,) — {£1,£2,---,£(n + 1)}.Similar to
case 2, assign the labels to the vertices u;, 1 <1 <n ,v;,2 < i < n and wy, ws, ws.There
are two cases arises.

Subcase 1. n is even.

Finally assign label —2 to the vertex wy.

Subcase 2. n is odd.

Finally assign label 1 to the vertex wy.

Case 4. m = 5.
Define the pair difference labeling f : V(Bys,) — {£1,%£2,---,£(n + 2)}.There are
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two cases arises.

Subcase 1. n is even.

Similar to case 2, assign the labels to the vertices u;,1 < i < n ,v;,2 < i < n and
wy, wo, ws.Finally assign the labels n + 2, —n — 2 respectively to the vertices wy, ws.
Subcase 2. n is odd.

Similar to case 2, assign the labels to the vertices u;,1 < i < n 0,2 < i < n-—3
and wy, wo, ws.Finally assign the labels —n 4+ 2, —n + 1, —n respectively to the vertices
Up—2,Un_1, U, and assign the labels n + 2, —n — 2 respectively to the vertices wy, ws .

Case 5. m = 6.

Define the pair difference labeling f : V(Byg,) — {1, %2, -+ ,£(n +2)}.As in case 4,
assign the labels to the vertices u;, 1 < i < n ,v;,2 < i < n and wy, wsy, w3, wy, ws.There
are two cases arises.

Subcase 1. n is even.

Finally assign label —2 to the vertex w.

Subcase 2. n is odd.

Finally assign label 1 to the vertex wg.

4 Some Snake Graphs

Theorem 4.1. The triangular snake 7}, is pair difference cordial if and only if n > 3.

Proof. Let us take the vertex set and edge set from the definition 2.4.There are three
cases arises.

Case 1. n=2.
Clearly T = C5.Hence T5 is not pair difference cordial[6].

Case 2. n=3.
Assign the labels 1, 2, —1 to the vertices u1, us, ug respectively.Next assign the labels 2, —2
to the vertices vy, vy respectively.

Case 3. n > 3.

There are four cases arises.

Subcase 1. n =0 (mod 4).

Assign the labels 1,3,5,--- ,n — 1 respectively to the vertices uy, us, us, - - - ,uz and as-
sign the labels —1, -3, —=5,--- ,—(n — 1) to the vertices Unyz, Unga, Ungo, - - , Up.Now we
consider the vertices v;,1 <j <n—1.

Next assign the labels 2,4,6,--- ,n—2 to the vertices vy, vy, v3, - - - ) Unz2 respectively and
now assign the label —2 to the vertex Unt2 .Assign the labels —6, —4 repectively to the ver-
tices Unts, Unge and assign the labels —10, —8 to the vertices Unis, Unt1o respectively. Now
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we assign the labels —14, —12 repectively to the vertices Unti2, Untia. Proceeding like this
until we reach the vertex v,,_;.Finally assign the label n — 9 to the vertex vz

Subcase 2. n =1 (mod 4).

Assign the labels 1,3,5,--- ,n — 1 to the vertices us, us, uy, - - -  Ungt respectively. Assign
the labels —1, -3, —=5,--- | —(n— 1) to the vertices Ungs, Ungs - -+ , Un_1.Now consider the
vertices vj,1 < j<n-—2.

Next assign the labels 2,4, 6, - — 1 to the vertices vy, v9, v3, - - - , Unt respectively and

now assign the label —2 to the vertex Unt1 .Assign the labels —6, —4 repectively to the ver-
tices Unis, Unts and Assign the labels —10 —8 to the vertices Unit, Unto respectively.Now
we asagn the labels —14, —12 repectively to the vertices Unt1, 'Un+13 Proceedlng like this
until we reach the vertex v,,_;.Finally assign the label 2 to the vertlces Uny.

Subcase 3. n =2 (mod 4).
As in case 1, assign the labels to the vertices u;,1 < i < n , v;,1 < j <
2 < j <n — 1.Finally assign the label 2 to the vertex v,

n—2

5 and

Subcase 4. n =3 (mod 4).

As in case 2, assign the labels to the vertices u;,1 <i<n,v;,1 <j<n-—1.

The Table 1 given below establish that this vertex labeling f is a pair difference cordial
of T, for all values of n > 3.

Nature of n. | Ay | Age
n=0 (mod 4) | 22 | 31
n=1 (mod4) | 3223 [ 33
n=2 (mod4) | 2= [ =2
n=3 (mod4) | 22 | 323

Table 1:

[]

Theorem 4.2. The alternate triangular snake A(T},) is pair difference cordial if the edge
uyus lies on the triangle and the edge w,_qu, lies on the triangle for all even n > 4.

Proof. The vertex set and edge set taken from the definition 2.5. There are two cases arises.
Case 1. n =0 (mod 4).
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Define the map f : V(A(T,)) — {+1,+2,--- ,£%} by

Flugin) = 3i+1, 093”;47
Flugiss) = 30 + 2, ogign;{
Fluziys) = —(3i +1), 0§¢§”;{
lusiea) = (3 +2), i<t
f(vais1) = 3i + 3, USiSn;Zl?
F(aisa) = —(3i +3), ogigngg

This vertex labeling gives the pair difference cordial labeling of alternate triangular snake
A(T,).
Hence Ay =n,Aje =n — 1.

Case 2. n =2 (mod 4).
Define the map f : V(A(T,)) — {£1,+2,--- ,£3=2} by

flugizr) =3i+ 1, ogignlg
f(usize) = 31+ 2, 0§i§n26,
flusirs) = —(3i + 1), OSigniq
flusiva) = —(3i + 2), 0§i§n267
f(vaig1) = 3i + 3, Oéign;(ﬁ’
f(vai42) = —(3i + 3), 032’3”26,

Finally assign the labels —3"4’ 2 3”4’ 2 316 yegpectively to the vertices u,_1, Uy, vz

This vertex labeling gives the pair difference cordial labeling of alternate triangular snake
A(T,),n > 4.
Hence Ay =n —1,Ap =n.

]

Theorem 4.3. The alternate triangular snake A(7},) is pair difference cordial if the edge
ujus not lies on the triangle and the edge u,_ju, not lies on the triangle for all even
n > 4.

Proof. Consider the vertex set and edge set as in definition 2.5. There are two cases arises.
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Case 1. n =0 (mod 4).
Define the map f: V(A(T,)) — {£1,£2,- -, 32 by f(uy) =1, f(u,) = —1, f(ug) =

4

2, fuz) = 3, f(ua) = =2, f(us) = =3, f(v1) =4, fv —2) = —4,

f(ugive) = flugis) + 3, l<i< n;4’
f(ugivs) = f(ugi1) + 3, l<i< n;4’
f(uaira) = flug) — 3, 1 <i< n;4’
f(ugivs) = flugirr) — 3, l<i< n;47
f(vais1) = flvgiz1) + 3, l<i< n;4’

fve) = f(vai_2) — 3, l<i< n;47

Finally assign the labels —n 4 4,n — 4 to the vertices u,_o, Un_z and then assign the label
—2 to the vertex u,_i.
Hence Ay, =n —2,Ape =n—1.

Case 2. n =2 (mod 4).
Define the map f : V(A(T,)) — {£1,£2,--- ,:|:3"4_2} by f(uy) =1, f(u,) = —1, f(uz) =

2, f(us) =3, f(ug) = =2, f(us) = =3, f(v1) =4, f(v—2) = —4,

fugivo) = fugi—a) + 3, 1 <i< n;(j’
f(ugirs) = flugi—1) + 3, l<i< n;G’
f(ugirs) = flug) — 3, l<i< n;ﬁ’
f(ugivs) = f(ugizr) — 3, l<i< 71;67
f(vais1) = flveiz1) + 3, l<i< n;6’

f(vgi) = flvaig) — 3, l<i< n;G)

This vertex labeling establish the pair difference cordial labeling of alternate triangular
snake A(T),),n > 4.
Hence Ay, =n —1,Ape =n — 2.

]

Theorem 4.4. The alternate triangular snake A(7},) is pair difference cordial if the edge
upus not lies on the triangle and the edge u,,_1u, lies on the triangle for all odd n > 3.
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Proof. Take the vertex set and edge set from definition 2.5.There are two cases arises.
Case 1. n=1 (mod 4).

Define the map f: V(A(T,)) = {£1,£2, -+, £33} by f(uy) =1, f(u2) = =2, f(us) =
_37 f(U4> = 17f(u5) = 27 f(vl> = _47 f(Ug) =3

f(ugive) = f(usi2) — 3, 1<i< n;S’

f(ugirs) = flusi-1) =3, << n;57

f(uaira) = fluai) +3, 1§i§n;§

flusss) = flue) +3, 1=i<t

f(ais1) = f(vaim1) = 3, 1<i< n;9,

f(vg) = f(vaia) + 3, 1§i§n;57
floazs) = == = flun )

Hence Ay =n—1,Ap =n— 1.

Case 2. n =3 (mod 4).
Define themap f : V(A(T,)) = {£1,£2,--- , £33} by f(w) = —1, f(us) = =2, f(us) =
=3, fua) =1, fus) = 2, f(v1) = —4, f(v2) =3

F(uaiza) = f(usiz) = 3, 1§¢§”;?
F(taivs) = flugia) =3, 1§i§”;?
F(uies) = f(uar) + 3, 1§¢§”;?
Flusss) = Flus) + 3 1<i< "0
F(vsi41) = f(vzi1) = 3, 1§i§”;7
F(vai) = f(vai2) +3, 1<i<T
flun—1) = f(un—3) +3 flun) = f(un—2) +3,
Fvas) = — ().

Hence Ay, =n —1,Ape =n —1.
This vertex labeling gives the pair difference cordial labeling of alternate triangular snake

A(T,),n > 3.
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Theorem 4.5 The quadrilateral snake @), is pair difference cordial i n geq2.

Proof. Take the vertex set and edge set from definition 2.6.There are three cases arises.
Casel. n=2.
Clearly T, = Cy.Hence T, is pair difference cordial [6].

Case 2. n=3.

Assign the labels 1,2, —1 to the vertices uy, us, us respectively.Next assign the labels 1, —3
to the vertices vy, v9 respectively.Finally assign the labels 3, —2 respectively to the vertices
w1, Wa.

Case 3. n> 3.
There are two cases arises.

Case 1. n is even.
Define the map f : V(Qn) — {j:]wj:Q) ’j:3n2—2} by f(U’l) = 17f(u2) = 27f(vl) =
47 f(wl) = 3

f(uwi) = fluiza) +3, 3§i§g,

F0s) = Flvit) +3, 2<i< ”;2,

fwi) = flwi-1) +3, 2SiSng2,
fluasa) = —f (), 1<i< 3,
F(vasz) = —f(v2). 1<i<™22
Flwasa) = —f(w), 1<i<"22

flun) = — fluz),

f(os) = fvaz) + 1,

)

Case 2. n is odd.
Define the map f : V(Q,) — {£1,£2,--- ,:|:3ngl} by f(u1) = 1, f(ug) = 2, f(v1) =
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4, f(wr) =3
£(w)
F(v) = Floim) +3,
Flw) = flwiy) +3,
Flunesin) = —f (i),

= f(ui_l) + 3,
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Hence from this vertex labeling the quadrilateral snake @, is pair difference cordial fo all

values of n > 2.

]

Theorem 4.6. The alternate quadrilateral snake A(Q),) is pair difference cordial if the
edge ujug lies on the quadrilateral and the edge u, _ju, lies on the quadrilateral for all

even n > 4.

Proof. Consider the vertex set and edge set in definition 2.7.There are two cases arises.

Case 1. n =0 (mod 4).

Define the map f: V(A(Q,)) — {£1,+2,--- ,£n} by

f(u2i+2) =44 + 1,

f(v;) = 4i + 4,

flwi) = 4i+3,
funse:) = = f(us),
fonsa) = —f(wy),
fwasas) = —f(vy),

o
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Case 2. n =2 (mod 4).
Define the map f: V(A(Qn)) — {£1,£2,--- ,£n} by

f(ugive) = 4i + 1, OSZ'SHTH,
flugiys) = 4i +2, 0§i§n12,

flvi) = 4i+ 4, 0§i§n267

flw;) = 4i+3, 0§¢§”;6,
flung) = —f(w), 1§¢§”;27
fvasgs ) = =f(wi), 1<i< "2
f(wnssiez) = —f (i), 1§@§n;2

Hence from this vertex labeling the alternate quadrilateral snake A(Q),) is pair differ-
ence cordial if the edge ujus lies on the quadrilateral and the edge wu,_qu, lies on the
quadrilateral for all even n > 4. O

Theorem 4.7. The alternate quadrilateral snake A(Q),) is pair difference cordial if the
edge ujus not lies on the quadrilateral and the edge u,_iu, lies on the quadrilateral for
all odd n > 3.

Proof. Let us take the vertex set and edge set from definition 2.7.There are two cases

arises.
Case 1. n =1 (mod 4).
Define the map f: V(A(Q,)) — {£1,£2,--- ,+n — 1} by

flugis) = 4i+1, 0<i< n;5’
fugiys) = 4i +2, 0§Z~§”;57
f(v) = 4i + 4, ogignf’,
flw;) = 4i+3, OSiSn;5,
f(u%):—f(ui), 1§Z,§n;17
f(”%):—f(wi), 1§i§n;1’
fwmsizr) = = f (i), 1§i§n;1,

fluy) =n—1.
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Case 2. n =3 (mod 4).
Define the map f: V(A(Q,)) — {£1,£2,--- ,£n — 1} by

fugie) = 4i+ 1, Ogig”f’,
f(ugirs) = 4i + 2, Oﬁiﬁnlg,
fui) = 4i +4, 0§i§n27,
fw;) = 4i + 3, 0§¢§”;77
flunsziss ) = = f(ui), 1§¢§”;37
fnsain) = = f(wi), 1§¢§n;3’
fWussins) = — f(vy), 1§¢g”;37

flosgs) = ~flunp) flwng) = —flung), ) =n-1L

This vertex labeling gives that the alternate quadrilateral snake A(Q,,) is pair difference
cordial if the edge wujus not lies on the quadrilateral and the edge w,_ju, lies on the
quadrilateral for all odd n > 3.

m

Theorem 4.8. The alternate quadrilateral snake A(Q),,) is pair difference cordial if the
edge ujus not lies on the quadrilateral and the edge u,,_qu, not lies on the quadrilateral
for all even n > 4.

Proof. Take vertex set and edge set from definition 2.7. There are two cases arises.
Case 1. n =0 (mod 4).



162 R. Ponraj / JAC 53 issue 1, June 2021, PP. 149 - 163

Define the map f: V(A(Q,)) — {£1,£2,--- ,+n — 1} by

fluziss) = 4i+1, 093”;4,
Flusivs) = 4i +2, 0§¢§";{
Flo) = 4i + 4, ogignl{
Flw;) = 4i+3, ogign;{
flussysa) = f (i), 1<i< ™2
Flvasz) = = w) 1<i< 78
flwasz) = —f (w3, it
Flu) =n—1, Flun) = —n+ 1,
F(onmz) = — f(vams), Flwnzz) = — f(wes)
,fos) = flug), flwz) = funse)

Case 2. n =2 (mod 4).
Define the map f: V(A(Q,)) — {£1,£2,--- ,+n — 1} by

fugiye) =41 +1, Oéiﬁn;f},
fugiys) = 4i+2, 0§i§n267

flv) = 4i+ 4, ogzgngg

fw;) = 4i + 3, O§i§n26,
f(u%%)z—f(ui), 1§i§n;6,
f(“%)z—f(wi), 1§1.§n;67
flwmsi) = = f(vi), 1§i§n;6’

flur)=n—-1, flu) = —n+1,
foazz) = =f(vaz),  flwaz2) = —f(wazz).

2

Thus this vertex labeling gives that the alternate quadrilateral snake A(Q),) is pair dif-
ference cordial if the edge ujus not lies on the quadrilateral and the edge wu,,_qu, not lies

on the quadrilateral for all even n > 4.
]
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