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ABSTRACT
We study the problem of counting the number of lattice
points inside a regular polygon with n sides when its
center is at the origin, and present an exact algorithm
with O(k 2 log n) time and two approximate answers for
this problem, where k is the absolute value of side length
of the minimum bounding box of the regular polygon.
Numerical results show the efficiency of the approximations in calculating the answer to this problem.
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1

Introduction

One of the oldest and most interesting problems in mathematics is the Gauss’s circle
problem, which is due to Carl Friedrich Gauss [6, 8]. This problem determines how many
integer/ lattice points include inside a circle of radius R whose center is at the origin.
Lattice points are points like (m, n) in the plane, where its both coordinates m and n are
integer numbers. The Gauss’s circle problem is interesting since it relates to the number
of ways in which an integer can be expressed as the sum of two squares [2], and due to
the structure of the problem, it has been also considered in number theory [3, 4]. This
problem has also been studied in higher dimensions [1, 7]. An approximate answer to
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this problem is the area inside a circle, because on average, each unit square contains
one lattice point. Therefore, the number of lattice points inside a circle is approximately
equal to its area. Hence, one of the issues related to the Gauss’s circle problem is finding
a bound to determine the exact amount of error that expresses the difference between the
number of lattice points inside the circle and the value is calculated by its area.
In this paper, we study a similar problem in regular polygons and provide two approximate
solutions to it, and in several examples, the difference between these answers and the exact
value is compared. The rest of the paper is organized as follows. Subsection 1.1 provides a
background on how to accurately calculate the number of lattice points inside a circle. In
section 2, to solving the problem of counting the number of lattice points inside a regular
polygon, an algorithm to compute the exact solution and two approximate approaches are
presented. Finally, section 3 includes the numerical results of the proposed approximate
solutions on some regular polygons, and section 4 is conclusion.
1 INTRODUCTION

1.1

Background

In this subsection, we study a background of how to accurately calculate the number of
lattice points inside a circle and present a relation that we will use it in the next sections.
Let N (R) represents the number of lattice points inside a circle of radius R whose center
is at origin in the two-dimensional space. As mentioned in the previous section, an
approximation for the number of points inside the circle is area of the circle, such that
N (R) = πR2 + E(R), and calculating a bound for the error E(R) is one of the topics that
has been studied over the years [1]. But a solution can be provided as follows to calculate
the exact number of integer points inside a circle. To this end, first consider the number
of integer points within an interval containing the origin. It is clear that in the interval
[−R, R], for interval [−R, 0), there are ⌊R⌋ integer points, and likewise in the interval
(0, R], there are ⌊R⌋ integer points.
Therefore, considering the origin, the number of integer points in the interval [−R, R] will
be:
N1 (R) = 2⌊R⌋ + 1.
(1)
According to the Figure 1, we can see that for an integer point
√ x-axis which is
√ x on the
2
2
inside the circle, there is an interval of integer points as [− R − x , R2 − x2 ]. Since
we know the number of integer points within an interval according to Equation (1), so
the number of integer points inside a circle of radius R in R2 would be as follows:
N (R) =

⌊R⌋
X
x=−⌊R⌋

√

N1 (⌊ R2 − x2 ⌋) =

⌊R⌋
X

√
2⌊ R2 − x2 ⌋ + 1.

(2)

x=−⌊R⌋

We will use this relation for present an approximation approach for the problem of lattice
points inside regular polygons in the next section.
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(R2 − x2 )

x

−R

R

Figure 1: Calculating the exact value of the number of integer points inside a circle with
radius R and the center located at the origin.

2

Main results

In this section, we present an exact algorithm and two approximate approaches for calculating the number of integer points inside a regular polygon. Consider a regular polygon
in Figure 2 and its inscribed circle. Let we indicate the number of lattice points inside a
regular polygons P with n sides of length s by N (Pn,s ).
S
V2
C2

M
H

V1
C1

α=

π
n

O

Figure 2: A regular polygon with n sides of side length s = |V1 V2 |, and its inscribed circle
with radius R = |OM |.
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An exact algorithm for regular polygons

In this subsection, we present an exact algorithm for calculating the number of lattice
points inside a regular polygon P . To this end, we first compute the minimum bounding
box B which includes the regular polygon. If the side length of the box B be K, then,
number of lattice points inside B is k 2 , when k = ⌊K⌋. We can easily list these k 2 lattice
points, because these points are integer points between the lowest and highest value of
the two sides of box B in x and y coordinates. Then, the exact number of integer points
inside a regular polygon with n sides can be calculated by doing inclusion-test in convex
regular polygon for all the integer points inside box B. Since, we have k 2 integer points in
box B, and we need O(log n) time for each point inside the box B to do the inclusion-test
by the convex polygon [5], so we need O(k 2 log n) time to do the inclusion-test for all k 2
points inside the box B. Therefore, the total time of the algorithm is O(k 2 log n).
As can be seen, the time of calculation of the exact value N (Pn,s ) has a logarithmic relation
to the value n and a quadratic relation to the value of k. Therefore, as the number of
regular polygon sides n, as well as the size of the polygon increases, the running time of the
algorithm will increase and it may not be efficient to use. Hence, finding the approximate
solutions to this problem will be important.

2.2

Approximation 1: Use the regular polygon area

The idea we use in our approximations is that any integer point can be considered to
correspond to a unit square with the center of the integer point. Therefore, we consider
the number of unit squares in the area as an approximation of the number of integer
points.
Consider a regular polygon with n sides such that the length of each side is s. We know
that the area of this regular polygon is given as follows:
A=

aP
2

s
where P = ns is perimeter of the regular polygon, and a = R = 2 tan
π are height
n
of the regular polygon or radius of its inscribed circle (see Figure 2). Therefore, an
approximation for the number of integer points inside a regular polygon with center in
origin can be considered as follows:

nsR
.
(3)
2
Therefore, we consider Ñ1 (Pn,s ) as the first approximation for the number of integer points
inside a regular polygon.
Ñ1 (Pn,s ) =

2.3

Approximation 2: Use the area of the inscribed circle

Consider a regular polygon and its inscribed circle as shown in Figure 2. It is clear that
the difference between the integer points inside a regular polygon and its inscribed circle
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depends on the number of integer points inside the difference area between them. Let the
length of each side of the regular polygon be s, and radius of its inscribed circle be R.
Then, we have:
s = |V1 V2 | = 2R tan α,
|C1 C2 | = 2R sin α
|OH| = R cos α,

|OM | = R.

On the other hand, the area of the quadrilateral 2(C1 V1 V2 C2 ) can be calculated as follows:
Area(2(C1 V1 V2 C2 )) = Area(△(OV1 V2 )) − Area(△(OC1 C2 )).
And for two triangles △(OV1 V2 ) and △(OC1 C2 ), we have:
1
1
Area(△(OV1 V2 )) = |V1 V2 ||OM | = (2R tan α)(R) = R2 tan α
2
2
1
1
1
Area(△(OC1 C2 )) = |C1 C2 ||OH| = (2R sin α)(R cos α) = R2 sin α cos α = R2 sin 2α.
2
2
2
Therefore,
Area(2(C1 V1 V2 C2 )) = Area(△(OV1 V2 )) − Area(△(OC1 C2 )).
= R2 tan α − R2 sin α cos α
= R2 (tan α − sin α cos α)
1
sin 2α).
2
Also, the area of a circular segment O(C1 M C2 ) with angle 2α is:
= R2 (tan α −

1
1
O(C1 M C2 ) = (2α − sin 2α)R2 = R2 (α − sin 2α)
2
2
Therefore, the area of the difference S (see Figure 2) between a regular polygon and its
inscribed circle in the circular sector OV1 V2 is:
Area(S) = Area(2(C1 V1 V2 C2 )) − Area(O(C1 M C2 ))
1
1
sin 2α) − (α − sin 2α)]
2
2
1
1
= R2 [tan α − sin 2α − α + sin 2α]
2
2
= R2 (tan α − α)

= R2 [(tan α −

On the other hand, according to Equation (2), the exact number of lattice points inside
the inscribed circle is:
⌊R⌋
X
√
N (R) =
2⌊ R2 − x2 ⌋ + 1.
x=−⌊R⌋
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Therefore, the number of lattice points inside a regular polygon with n sides of length s,
and center at origin can be written as follows:
Ñ2 (Pn,s ) ∼
= nArea(S) + N (R)
2

= nR (tan α − α) +

⌊R⌋
X

√
2⌊ R2 − x2 ⌋ + 1

x=−⌊R⌋
⌊R⌋
X
√
π π
2⌊ R2 − x2 ⌋ + 1
= nR (tan − ) +
n n
2

x=−⌊R⌋

Finally, to avoid rounding error, we can write:
⌊R⌋
X
√
π π
2
∼
2⌊ R2 − x2 ⌋ + 1.
Ñ2 (Pn,s ) = n⌊R (tan − ) + 0.5⌋ +
n n

(4)

x=−⌊R⌋

Therefore, we consider Ñ2 (Pn,s ) as the second approximation for the number of integer
points inside a regular polygon.

3

Numerical results

In this section, we use two approximations in Equations (3) and (4) for several regular
polygons and compare the results with the exact value of N (Pn,s ).
Example 1: Consider a regular polygon in Figure 3 with n = 6, s = 4. So, we have:
R=

s
= 3.46.
2 tan π6

Figure 3: A regular polygon with n = 6 sides and s = 4.
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As shown in Figure 3, the exact value of the number of integer points inside this regular
polygon is:
N (P6,4 ) = 43.
Now, given Equations (3) and (4), we will have the following two approximations:
Ñ1 (P6,4 ) =

(6)(4)(3.46)
nsR
=
= 41.52,
2
2

π π
Ñ2 (P6,4 ) = 6⌊(3.46) (tan − ) + 0.5⌋ +
6
6

⌊3.46⌋

X

2

√
(2⌊ 3.462 − x2 ⌋ + 1)

x=−⌊3.46⌋

= 6(1) + 37 = 6 + 37 = 43.
As can be seen, the second approximation Ñ2 (P6,4 ) provides a better approximate answer
which is equal to the exact value 43.
Example 2: Consider a regular polygon in Figure 4 with n = 7, s = 4.81. So, we have:
R=

s
= 5.
2 tan π7

Figure 4: A regular polygon with n = 7 sides and s = 4.81.
As shown in Figure 4, the exact value of the number of integer points inside this regular
polygon is:
N (P7,4.81 )) = 90.
Now, given Equations (3) and (4), we will have the following two approximations:
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Ñ1 (P7,4.81 ) =

(7)(4.81)(5)
nsR
=
= 84.17,
2
2

⌊5⌋
X
√
π π
Ñ2 (P7,4.81 ) = 7⌊(5) (tan − ) + 0.5⌋ +
(2⌊ 52 − x2 ⌋ + 1)
7
7
2

x=−⌊5⌋

= 7(⌊1.319⌋) + 81 = 7(1) + 81 = 7 + 81 = 88.
As can be seen, the second approximation Ñ2 (P7,4.81 ) provides a better approximate answer.

Figure 5: A regular polygon with n = 8 sides and s = 6.

Example 3: Consider a regular polygon in Figure 5 with n = 8, s = 6. So, we have:
R=

s
= 7.24.
2 tan π8

As shown in Figure 5, the exact value of the number of integer points inside this regular
polygon is:
N (P8,6 )) = 181.
Now, given Equations (3) and (4), we will have the following two approximations:
Ñ1 (P8,6 ) =

nsR
(8)(6)(7.24)
=
= 173.76,
2
2
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π π
Ñ2 (P8,6 ) = 8⌊(7.24) (tan − ) + 0.5⌋ +
8
8

⌊7.24⌋

X

2

√
(2⌊ 7.242 − x2 ⌋ + 1)

x=−⌊7.24⌋

= 8(1) + 177 = 8 + 177 = 185.
As can be seen, the second approximation Ñ2 (P8,6 ) provides a better approximate answer.
Example 4: Consider a regular polygon in Figure 6 with n = 12, s = 3.125. So, we have:
R=

s
π = 6,
2 tan 12

Figure 6: A regular polygon with n = 12 sides and s = 3.215.
As shown in Figure 6, the exact value of the number of integer points inside this regular
polygon is:
N (P12,3.215 )) = 113.
Now, given Equations (3) and (4), we will have the following two approximations:
Ñ1 (P12,3.215 ) =

nsR
(12)(3.215)(6)
=
= 115.74,
2
2

⌊6⌋
X
√
π
π
Ñ2 (P12,3.215 ) = ⌊12(6) (tan
− ) + 0.5⌋ +
(2⌊ 62 − x2 ⌋ + 1)
12 12
2

x=−⌊6⌋

= 12(⌊0.72⌋) + 113 = 12(0) + 113 = 0 + 113 = 113.

98

M. Imanparast / JAC 54 issue 1, June 2022, PP. 89 -98

As can be seen, the second approximation Ñ2 (P12,3.215 ) provides a better approximate
answer which is equal to the exact value 113.
The above examples show that the second approximation Ñ2 (Pn,s ) gives better answer
than the first approximation Ñ1 (Pn,s ) for most cases.

4

Conclusion

In this paper, we study the problem of calculating N (Pn,s ), the number of integer points
inside a regular polygon with n sides of length s and provide an exact algorithm and
two approximate approaches to solve this problem. Numerical results show that the
approximation Ñ2 (Pn,s ), which is based on the calculation of the difference area and the
number of lattice points inside the inscribed circle, despite the ease of calculating, provides
near-optimal answer for this problem.
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